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SECT'IION I INTRODUCTION 
The objective of this study is to analyze mathematically 
thermal stresses and metal movements caused by the heating 
effects during the welding of large cylindrical aluminum-alloy 
space vehicle structures, The present study was initiated on 
May 15, 1969 and was completed on October 14, 1970. 
A. Background 
An important problem in the fabrication of a space- 
vehicle structure is the control of' distortion caused by 
welding. A number of components of such structures must be 
fabricated to close dimensional tolerance. Unacceptable dis- 
tortion that OCCUTS during the welding of joints in these 
structures often cannot be corrected without removing the 
weld joint, Distortion can also cause mismatching df weld 
joints resulting in the reduction of joint strength, 
Several aerospace companies have encountered distortion 
problems during fabrication of the Saturn V components jnclud- 
ing welded fuel and oxidizer tanks. Although production prac- 
tices have been developed to temporarily overcome these prob- 
lems, they are empirical solutions and little is known about 
the mechanisms causing such distortion. It is essential to 
understand the mechanisms in order to develop methods for mini- 
mizing distortion effects during fabrication of future vehicles, 
The Manufacturing Engineering Laboratory of the G. C, Marshall 
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Space Flight Center recognized the importance of conducting 
research on mathematical analysis of thermal stresses and metal 
movement during welding and supported a study at the Battelle 
Neanorial Institute, Columbus Laboratories. The Battelle study 
was directed by Dre Koichi Masubuchi, who joined, in September 
1968, the faculty of the Department of Naval Architecture and 
Marine Eslgineering of the Massachusetts Institute of Technology. 
One of the major accomplishments of the Battelle study was 
the development of a computer program for calculating longitudinal 
stresses during a bead-on-plate weld. Results of the Battelle 
study are covered in a report (RSIC-820) published by the Redstone 
Scientific Information Center, U, S. Army Missile Command, (1) 
B. The Present Study -
In May 1969, a further study into the mathematical analysis 
of thermal stresses and metal movement w a s  initiated at the 
Massachusetts Institute of Technology, again under the direction 
of Dr. Masubuchi. 
During the progress of this study, changes were made in the 
scope of the investigation. At presentp the study includes the 
following tasks," 
Task 1. The objective of the task is to investigate the 
temperature changes caused by the welding arc, and includes an 
analysis of temperature distribution due to the heat generated 
by the welding arc, 
Task  3. The objective of this t a s k  is to develop a system 
*Task 2, the objective of which was the skudy of the effect of 
cryogenic cooling on temperature distributions during welding, has 
been deleted from this study. 
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of mathematical statements describing the phenomenon of 
thermal stresses and plastic strains during welding. 
Task 4. Task 4 is the development of a system of mathe- 
matical solutions and computer programs f o r  one-dimensional 
analysis 
Task 5, This task is the comparison of analytic results 
with experimental data. This data will be obtained from 
several welds under various conditions made in 1/4" aluminum 
plate e 
All of the above tasks have been completed, and these 
accomplishments are covered in this report. 
Section I1 presents a brief technical kackground and the 
analysis and control of distortion. 
Section I11 covers the work in Tasks 1 and 3 .  The 
discussion begins with a general formulation of relevant 
theories and proceeds logically to the mathematical models 
selected for this analysis, 
Section IV discusses effects of material properties and 
welding parameters on thermal stresses and metal movement. 
The analysis was conducted using computer programs developed 
in the Task 4 of this study, 
Section V covers the experimental investigation (Task 5 ) -  
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SECTION I1 TECHNICAL BACKGROUND ON ANALYSIS AND CONTROL OF 
WELD DISTORTION 
This section presents a brief technical background on the 
analysis of thermal stresses and metal movement during welding, 
Discussions in this section are limited to those subjects which 
are directly related to this M.I.T. study and a number of other 
subjects on various types of weld distortion are not covered. 
A recent Welding Research Council Bulletin (No. 149) entitled 
"Control of Distortion and Shrinkage in Wslding" is an interpretive 
report covering the development of analytical means for predicting 
and controlling various types of weld distortion. (') The material 
in this section is a condensation of this report. 
A. Analysis of Thermal Stresses and Metal Movement 
1. Thermal Stresses and Metal Movement During Welding 
Welding Thermal Stresses, Because a weldment is locally 
heated by the welding arc, the temperature distribution in the 
weldment is not uniform, and changes as welding progresses, This 
nonuniform temperature distribution causes thermal stresses in 
the weldment, which also change as welding progresses. The major 
effort i~n the M.I ,T ,  study has been to develop computer programs 
to analyze such thermal stresses during welding and also the 
resulting residual stresses. 
Figure 2-1 shows schematically how welding thermal stresses 
are formed, Figure 2-1-a shows a bead-on-plate weld in which a weld 
bead is being laid a t  a speed v. 0-xy is the coordinate system; 
5 
2. Section 
3. Section 
Q. 
0 
0 
c - c  
Residual I Stress 
.Section D - D  
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the origin, 0, is on the surface underneath the welding arcp and 
the x-direction lies in the direction of welding. 
Figure 2-1-b shows temperature distribution along several 
cross sections, Along Section A-A, which is ahead of the welding 
arcp the temperature change due to welding, AT, is almost zero 
(Figure 2-1-b-1), Along Section B-B, which crosses the welding 
arcp the temperature distribution is very stee (Figure 2-1-b-2) .) 
Along Section C-CB which is some distance behind the welding arc, 
the distribution of temperature change is as shown in Figure 2-1-b-3, 
Along Section D-D, which is very far from the welding arc, the 
temperature change due to welding again diminishes (Figure 2-1-b-4) 
Figure 2-1-c shows the distribution of stresses along these 
Yo sections in the x-direction, uxs 
and shearing stress, '1: 
field (Figure 2-1-a) * 
Stress in the y-direction, (r 
also exist in a two-dimensional stress XY , 
Along Section A-A, thermal stresses due to welding are almost 
zero (Figure 2-1-c-1) a The stress distribution along Section E B  
is shown in Figure 2-1-c-2. Stresses in areas underneath the welding 
arc are close to zero, because molten metal does not support loads. 
Stresses in areas somewhat away from the are are compressivep 
because the expansion of these areas is restrained by surrounding 
areas that are heated to lower temperatures, Since the temperatures 
of these areas are quite high and the yield strength of the 
material is low, stresses in these areas are as high as the yield 
strength of material at corresponding temperatures. %he amount 
f compressive stress increases with increasing distance from the 
weld o r  with decreasing temperature. Howeverp stresses in areas 
. .- 
*In a general three-dimensional stress field, six stress components, 
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away from the weld are tensile and balance with compressive 
stresses in areas near the weld. In other wordsl 
across Section BB.* Thus, the stress distribution along Section 
BB is as shown in Figure 2-1-C-2, 
Stresses are distributed along Section C-C as shown in Figure 
2-l-c-3.Since the weld-metal and base-metal regions near the weld 
have cooled, they try to shrink causing tensile stresses in areas 
close to the weld, As the distance from the weld increasesl the 
stresses first change to compressive and then become tensile, 
Figure 2-1-c-4 shows the stress distribution along Section D-D. 
High tensile stresses are produced in areas near the weld, while 
compressive stresses are produced in areas away from the weld. 
The distribution of residual stresses that remain after welding is 
completed as shown in. the figure. 
The cross-hatched area, M M g P  in Figure 2-1-a shows the region 
where plastic deformation occurs during the welding thermal cycle, 
The elipBe near the origin 0 indicates the region where the metal 
is melted, The region outside the cross-hatched area remains 
elastic duiing the entire welding thermal cycle, 
Metal Movement During Welding, Welding thermal stresses cause 
metal movement during welding- There are two major types of metal 
movement. The first type involves motion in the plane of the 
plate, that is opening or closing of the joint gap ahead of the 
weld 
* Equatipn (2-11 neglects .the effect of CJ and T on the equi- 
librium condition, Y "Y 
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The second type involves motion out of the plane of the 
plate, that is either bending due to temperature variations in the 
thickness direction or buckling due to compressive thermal stresses. 
This out-of-plane metal movement often causes joint mismatch. 
2, Development of Techniques for Analyzing Thermal Stresses 
and Metal Movement 
As shewn i n  Figure 2-1, thermal stresses during welding 
are produced by a complex mechanism which involves plastic 
deformation at a wide range of temperatures from room temperature 
up to the melting temperature. Because of the difficulty in 
analyzing plastic deformationp especially at elevated temperatures, 
no analysis has yet been developed to trace the change of two- 
dimensional thermal stresses during welding and to determine distri- 
butions of three residual-stress componentsp G~~ oy, and T 
other words, no analysis has been made in which both heat flow 
and stress fields are treated as two-dimensional problems. In all 
studies conducted so far, the problem has been simplified in some 
way, * 
e In 
XY 
Bat-kelle Computer Analysis, Under a recent contract for 
Redstone Scientific Information Centerp U, S .  Army Missile 
Command, Masubuchi, Simmonsp and Monroe of E3attell.e Memorial 
Institute developed computer programs for calculating thermal 
stresses in bead-on-plate welding. (') 
the technique which was originally developed by Tall 
The Battelle study uses  
( 3 1 4 )  of 
&high University, The 'kll-Battelle analysis is described in 
*The Wlding Research Council Bulletin 149 discusses the historical 
trend in the development of techniques for analyzing thermal stresses 
during weldinq and resulting residual stresses e ( 2 )  
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Section 111-Do 
The Present M e I a T e  Study. The present M,I.T. analysis has 
resulted from the logical simplification of the general theories 
governing any thermal stress problem- As a result, this analysis 
includes a number of advantages over the Battelle study, some of 
whish are enumerated in Table 2-1. The comparison between these 
approaches f s  discussed in more detail in Section 111, 
B. The Role af this Study in the Control and Analysis of Distortion 
of Complex Welded Structures 
Figure 2-2 shows sshematically the role of this M.I.T. study 
in the control an,d analysis of distortion of complex welded 
structures, which involve various phases, There are many factors 
that contribute to the distortion of a weldment. 
The structural parameters include the geometry of the structure 
(whether it is a panel stiffened with frames, a cylinder, a 
spherical structurep etc,), plate thickness, and joint type 
(whether it is a butt joint, fillet joint, etc,), 
The material parameters include types and condition of base- 
plate and filler-metal mateuials, 
The fabrication parameters including the welding processes 
involve both the choice of the welding process and the welding 
conditions, including current, arc voltage, arc travel speed, etc.; 
and in addition, welding sequence and degree of constraint. 
To determine weld distortion analytically, it is necessary 
to establish analytical relationships among these three sets of 
parameters and distortione This can be done by: 
(1) Determining dimensional changes produced in the structure 
by each weld 
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TABLE 2-1 COMPARISON BETWEEN THE BATTELLE PROGRAM AND THE 
MeIaTe PROGRAMS 
I 
Type of Nld 
Analyzed 
Configuration 
Stress Analysis 
Material Behavior 
Analysis of Strain 
Temperature distribution 
Battelle Program 
Bead-on-plate 
Flat plate with 
finite width 
Longitudinal stress 
only 
(5 = T  = o  
Ox = f(XBY1 
Y XY 
Perfectly plastic" 
U 
& 
Not included 
Calculated by same 
program 
M e  I T Program 
Bead-on-plate, Edge, 
and Butt weld 
Flat plate with 
finite width 
Longitudinal stress 
only 
0 = f (x,y), 
$ : = T  = o  
Y XY 
Strain hardening (linear: 
included* 
E 
Includes total strain and 
plastic strain 
Calculated by separate 
program. Distributions 
from other sources may 
be used for stress 
calculation 
*Yield strength varies with temperature, 
11 
Structural Parameters 
(1) Determine Dimensional Changes in Each Weld 
I 
Complex Weldment Simple 1 
T o t a l  Distortion 
eldment 
FIGURE 2-2 Fac tors  t h a t  Contribute t o  Weld Distortion and Their 
Relation t~ Each Other and to the Tota l  Distortion 
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(2) Determining distortion induced in the structure by these 
dimensional changes 
( 3 )  Combining all dimensional changes and induced distsrtions, 
For a simple butt weld, the second and third steps are not necessary. 
The first step--determination of dimensional changes in each 
weld--can be further divided into the following:: 
(a) Analysis of heat flow 
(bI Analysis of thermal stresses during welding to determine 
incompatible strains that do not satisfy the condition 
of compatibility of the theory of elasticity 
(c) Determination of dimensional changes, including transverse 
shrinkage, longitudinal shrinkage, and angular change, 
induced by the incompatible strains. 
As shown in Figure 2-1, a weldment is subjected to complex 
thermal stresses during welding, When the weld is completed, 
incompatible strains remain in regions near the weld, Incompatible 
strains, which include dimensional changes associated with solidi- 
fication of the weld metal, metallurgical transformations, and 
plastic deformation, are the sources of residual stresses and 
distortion. Wen welding processes and parameters are changed", 
the heat-flow patterns are also changed, The change in heat-flow 
pattern causes a change in the distribution of incompatible 
strainsp and this causes changes in shrinkage and distortion. 
A number of articles have been published on the subject of 
heat-flow, and although not an easy problem, it can be handled 
analytically * 
"Rykalin (5)  prepared an extensive review on heat-flow in weldments 
DNIC Report 172 presents the state of the art of this subject, dis- 
cussing some shortcomings of the present analysis, (6) 
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The problem of determining the distribution of incompatible 
strains is extremely difficult, however, When a material under- 
goes plastic deformation, the stress-strain relationship is not 
linear. Furthermore, strength parameters of the material 
change with temperature, Several investigators have attempted 
to determine incompatible strains in simple models such as, a 
long strip with a welded edge and a centrally heated circular 
plate. Howeverp no analysis has yet been made on practical 
weldments e 
When the incompatible strains are knownp be it analyti- 
cally or experimentally, the third stage in determining dimen- 
sional changes can be handled analytically. Moriguchi (7 )  has 
deve1oped.a fundamental theory of stresses caused by incompa- 
tible strains, and Masubuchi ( *  
theory to the study of residual stresses and distortion due 
has applied Moriguchi s 
to weldinge Some of their results are included in the Welding 
Research Council Bulletin No, 149 (2) 
Assuming that we determine the dimensional changes in 
welds either analytically or experimentally, the second step 
is to determine the distortion induced in the structure by 
these dimensional changes, This pzoblem is rather straight- 
forward, Although plastic deformation is produced in small 
areas near the weld, most of the remaining material in the 
structure is elastic, Consequently, the induced distortion 
can be analyzed by elastic theory. Solutions for a large 
number of boundary conditions are already available, The 
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elastic theory equations used to determine the induced 
distortion are independent of fabrication parameters and 
involve only well-established material parameters. 
The recent development of computer technology has made 
the computation of stresses in complex structures possible in 
a very short time at a reasonable cost. Independent of this 
study, several studies are being conducted at M.I.T. for 
analyzing various aspects of induced distortion by use of 
computers (10-12) 
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SECTION I11 DEVELOPMENT OF ANALYSIS OF THERMAL STRESSES AND 
METAL MOVEMENT OF SIMPLE WELDS 
This section discusses the analysis developed at M,I.T, 
of thermal stresses in simple welds, This analysis refers 
to the large box in Figure 2-2. 
The previous discussion was concerned with the analysis 
of entire structures fabricated by welding, which is a very 
involved problem. A considerable amount of information mayl 
howeverp be gained from the analysis of less complicated 
casesp such as a butt or edge weld in flat plates. As a 
beginning, the plates may be considered to be unrestrained by 
any other structure. The dimensional changes can then be 
determined and used to approximately predict the distortion 
which would have been produced if the weld were made in a 
complex structure, 
One ratisnab approach to the theoretical analysis of a 
physical process is first to identify a l l  the phenomena 
involved in the processr then formilate a mathematical model 
which includes a11 of these phenomenap and finally to solve 
the model, For the welding process7 as for many others, 
a number of approximations and simplifications must be made 
before such an analysis can be performed. Some of these 
approximations are "good" approximatisns--that is, experimental 
results indicate that the results obtained in this way are 
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reasonably accurate; while others limit the scope of the physical 
process for which accurate results can be obtained. For example, 
this analysis holds only for thin plates. 
Other approximations are made which are less easy to 
justify. While we know that transverse and shear stress are 
present in actual weldsl this analysis considers only the longi- 
tudinal stress. How neglecting transverse and shear stress 
affects the longitudinal stress must be determined from experi- 
mentsl until a two-dimensional analysis is available. 
In the following pages, the formulation of a model for 
the welding process will be presented in detail. In addition 
to the simple model for longitudinal stress only, which has 
actually been solved! more complicated models will be presented, 
as these are necessary steps in understanding the simplifi- 
cations which were made. 
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A. General Consideration in the Analysis of Simple Welds 
The analysis of most welding processes can be separated 
into two parts, the first part being the calculation of temperature 
distribution. This is a problem in heat flow far which extensive 
theoretical work has been done. The second part is the calculation 
of stresses and strains which result from the temperature distri- 
butions, This is a problem in strength of materials for which, 
despite the extensive work in this field, very little is directly 
applicable to the welding process, 
The distinguishing characteristic of welding processes is the 
extremely high temperatures encountered. While certain other 
structural problems involve high temperatures, turbine rotors, for 
example, the material is not normally expected to undergo melting, 
As a result, there is very little information available on the 
structural behavior of materials at or near their melting temperatures, 
Some of the phenomena which may occur during welding will be discussed 
in this section, with particular emphasis on those which are included 
in this analysis, 
1 Plasticity 
Although many problems may involve only elastic effectsl 
considerable work has been done on plastic deformation. ?here have 
also been several recent texts published on the subject of plasticityp 
including the excellent text by Mendelson '' which has been used 
extensively during this analysis. As welding processes involve 
significant plastic deformation, any realistic analysis should include 
t h e  effects of such  deformation. 
Strain Hardening. In generalI metals behave elastically up 
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to some limiting value of stress or equivalently some limiting 
value of strain, For most, this behavior may be considered to 
be linear, that is the stress is proportional to the strain, the 
constant of proportionality being the Young's modulus of the 
material., If the material is strained beyond the yield point, 
the stress increases, but at a k w e r  rate than before, For some 
materials, very little increase in strain occurs, and they may be 
considered to be perfectly plastic. 
If the stress'is then removed, the material behaves elastically 
and returns to the zero stress level with a finite amount of strain. 
When the load is again applied, the material behaves elastically 
up to the maximum previous stress as shown in Figure 3-1. 
Loading History. When a material has undergone plastic deform- 
ation, the plastic deformation remains after the load has been 
removed. Although the phenomenon is not time dependent, the. 
material does remember its past history. It is possible to obtain 
different distributions of strain for the same stress distributions 
if loading histories are different, As a result, stress and strain 
must be calculated for small increments of loading not merely f@r 
the final loading if plastic deformation occurs. 
Reverse Loading. There are several different theories for 
predicting the yield point of a material which has first underground 
plastic deformation in tension and is then loaded in compression 
or vice versa, These are illustrated in Figure 3-2, For a 
purely plastic material, a l l  of the theories are! of coursep 
equivalent. The present analysis employs the second theory in 
which the initial yield points are independent. 
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Figure 3-1 Repeated Loading with S t r a i n  Hardening 
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Figure 3-2 Theories of Reverse Yielding 
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2, Variation of Material Properties with Temperature 
The material properties which govern both heat flow and stress 
analysis may vary considerably between room temperature and the 
melting point of the particular material. The effects of such 
variations for the heat flow analysis is described in the section 
on temperature distribution (III-B)* The effects on the stress 
calculation are discussed he.re, 
Relatively little has been done in this area, and as a result 
most of what is presented here is based on reasonable speculation. 
Stress-Strain Surface. The usual stress-strain curve as shown 
in Figure 3-1 is obtained from a uniaxial tension test. If 
such tests are run at different temperatures, different curves will 
result. In general, both the yield strength and the Young's modulus 
will decrease with temperature, In this way, a family of curves is 
obtained which may be pictured as a three-dimensional surface with 
the third co-ordinate representing temperature as shown in Figure 
3-3 D Obtaining such data for very high temperatures is quite 
difficult and very little is availables The variations near the 
melting point usually have to be estimated from variations, at more 
moderate temperatures, It should be noted at this point that the 
strain co-ordinate represents mechanical strain and does not 
include strain caused by thermal expansion or contraction. 
This surface, howeverl has been constructed by considering the 
material behavior at a fixed temperature only? and does not really 
indicate how the material behaves under changing temperatures, 
The procedure used in this analysis is an approximation to 
the possible behavior, assuming that temperature changes, equivalent 
c n  7 n A d i n a  increments, are small, For each increment the stress 
22 
STRESS 
ROOM 
TEMi? STRAIN 
Figure.3-3 Stress-Strain Relationships at Various Temperatures 
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and strain distributions are calculated using the stress-strain 
curve corresponding to the temperature at each point in the material 
for which stress and strain are calculated, It is also assumed, 
however, that the initial plastic strain does not change between 
increments, This is of particular importance for unloading and 
reverse loading, 
Coefficient of Linear Expansion, The coefficient of linear 
thermal expansion also varies with temperature. There are, however, 
two ways of defining such a coefficient in this case. The coefficient 
may be defined as the ratio between the total thermal strain and 
the total temperature change above some reference temperature or as 
the ratio between an increment of strain for an increment of temper- 
ature, that is the slope of the strain versus temperature curve. 
These two definitions are illustrated in Figure 3 - 4 .  
3. Metallurgical Changes 
The current M,I.T. study only includes changes of stress-strain 
curves with temperature. HoweverF it does not include changes of 
stress-strain characteristics (Figure 3-3 )  and expansion character- 
istics (Figure 3-4) due to metallurgical changes which may take place 
during welding. 
For example, the cooling rate may affect metallurgical structures 
of the weld metal and the heat-affected base metal resulting in 
changes in stress-strain characteristics of these areas, Solidifi- 
cation of the weld metal and solid-state transformation of the weld 
metal and th? heat-affected zone also causes complex changes in 
the expansion or contraction characteristics of these areaso 
Although the current .I.T, analysis does not include 
metallurgically induced Changes of mechanical and thermal character- 
istics of metals, these changes can be included in the analysis of 
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a. Coefficient of Linear Thermal Expansion Determined-by the 
Total Strain and Total Temperature Change 
b, Coefficient of Linear Thermal Expansion, Determined by the 
Increment of Strain for an Increment of Temperature 
Figure 3-4 Definitions of Coefficient of Linear Thermal Expansion 
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information on these changes is available. 
3, Calculations of Temperature Distributions During Welding 
The various factors which affect the calculations of 
temperature distribution for welding processes can be separated 
into a number of areas. The choice of a model for the heat source 
is one such areap and is closely related to the geometry of the 
material being welded, another area. The thermal properties of 
the material is another area of considerable importance. The final 
area of major importance is concerned with the statisnarity, or 
time dependence, of the solution which is also related to the 
geometry e 
There are basically two types of mathematical models which 
can be formed, those for which an analytic solution can be foundr 
and those for which solutions must be obtained numerically. Unlike 
the stress calculation, there are a number of models for temperature 
distributions which have analytic solutions and are fairly realistic 
for some welding processes. As a result, thisrelportwill deal pri- 
marily with these analytic solutions. 
1. Governina Eauations 
Derivations of the heat flow equations have been presented by 
give a a large number of authors. 
derivation along with a number of solutions which are applicable 
to various welding processes, 
Myers, Uzchara, and Borman (14 1 
The heat flow equation for a uniform material in which no heat 
is being generated is: 
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here 
e = temperature 
t = time 
x , y l z  = ce-ordinates fixed in material 
h = thermal conductivity 
C = specific heat 
P = density 
In this equation, thB left hand side represents the time rate 
of change of heat for an infinitely small element, while the right 
hand side represents the heat flow into or out of the element, 
The material properties may vary with temperature. 
Initial Conditions. In order to obtain solutions to the heat 
flow equation, it is necessary to specify the temperature through- 
out the material at some initial time, For most welding processesB 
this initial temperature can be uniform. 
Boundary Conditions. It is also necessary to specify the 
conditions of heat flow at any surfaces of the materiale In most 
welding analysis, it ha5 been assumed that heat flow across these 
surfaces is zero, This is a reasonable assumption if the material 
is in contact with air. FQr processes in which cryongenic cooligg 
is used, this assumption is not adequate. 
The input of heat from the welding arc can also be handled as 
a boundary condition, if the total heat flow across the material 
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surface in contact with the arc is made to equal the heat input 
from the arc, 
If the material is of infinite extent in any direction, the 
conditions are somewhat different. In this casep the solution must 
be such that the heat flow is outward. 
2, Linear and Non-Linear Theories 
Because of the variation of material properties with temperature, 
Equation (3-1) is non-linear, The analytic solution of such 
equations is usually quite difficult, if it is possible, If the 
material properties are assumed to be constant, the equation reduced 
to 2 
( 3 - 2 )  a2e ae - -  .- K ( 7  + -  
at ax 
where 
K 
The solution of this 
For most common 
- - s   - thermal diffusivity 
CP 
equation is considerably easier. 
metals, however, the thermal properties vary 
significantly between room temperature and the melting point, and 
the linearlized solution gives only approximate results. A better 
approximation can be obtained by evaluating the linearized solution 
using the material properties for the calculated temperature. Since 
the temperature is not known before evaluating the solution, 
this is by nature an iterative process, 
3 .  Non-Stationary and Quasi-Stationary Solutions 
The welding process is, in general, a non-stationary process. 
The analysis of such a process is, in general, quite complex, Some 
work in this area has been done by Naka (15) and Masubuchi and 
Kusuda (16) 
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If a very long weld is being made, howeyer, Don-stationary 
effects are important only during the beginning and ending of the 
weld, During most Qf the welding processp the temperature distribution 
observed in a co-ordinate system moving with the arc will appear to 
be stationary. Fer such a quasi-stationary caseg the heat flow 
equation becomes: 
3% a 2 e  3% 
;i K(-- + -  
4- 7) 
3S2 ay2 a:! 
a e  
ag 
( 3 - 3 )  
where 
5 - x - v t  
v = arc speed 
It should be noted that the nature of the quasi-stationary 
case implies that the material is of infinite extent in the 
direction of the weld ( x or 5 direction), Otherwise, there 
would be a moving boundary in the quasi-stationary co-ordinate 
sys  tem e 
There are two conditions which must be met for the quasi- 
stationary approximation to be valid. First, the process must 
have been occuring for a time considerably longer than the time 
scale of the precess. And, secondp the arc must be far away from 
any boundaries normal to its direction of motion, 
4. Geometrv 
Since the difficulties encountered in the solution of IQuation 
(3-3) increase rapidly with complexity of the geometry, the 
present discussion is ;bimit.ed to rectangular shapes, This is 
applicable to the welding of plates and other shapes whoch may be 
considered as plates, For example, largep thin walled cylinders 
may be included if the temperature distribution covers only  a 
29 
small part of tile eylinder. There are basically three areas of 
consideration: dimensionality, extent, and symmetry, 
Dimensionality. If a very thin plate is being welded, the 
temperature will be constant or nearly constant in the thickness 
direction. Since the heat source is usually on one side only, 
this approximation is best for very thin sheets. The variation 
of temperature with thickness decreases rapidly with distance 
from the heat sourcel so the two dimensional approximation may be 
used for thickner plates (1/2") with the understanding that the 
results are, at best, an average value near the heat sourcee 
In the two-dimensional case, the heat source is assumed to 
extend throughout the thickness direction, and the temperature 
calculated from Fquation (3 -3 )  
Also, no heat is lost through the surface. 
is a function of 5 and y only. 
Symmetry. 'I€ the material is symmetric about any plane 
containing the line a1 ng which the heat source is traveling, 
the temperature will be symmetric about that plane, and no heat 
will flow across the plane. In this case, half the heat goes 
to one side and half to the other, and the dividing plane may 
be thought of as a boundary across which no heat flow occurs. 
In this wayP the solution for a simple case, which is 
symmetric, may be used for a related non-symmetric case by 
changing the.heat input, For example, the solution for a heat 
source moving on the surface of a semi-infinite solid is the same 
as the solution for one half of an infinite solid with a heat 
source of twice the strength, 
(3-3) are 
for infinite extent and semi-infinite extent (by symmetry), If 
a boundary is presentp the solution becomes more complicated, 
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The method of images may be used for boundaries across which 
there is no heat flow, For examplep consider the finite two- 
dimensional plate shown in Figure 3-5 .  The heat flow from the 
image source at 2B cancels the heat flow from the source along the 
boundary at B, while the image source at -2B cancels at -Be  There 
is, however, a heat flow across the boundary at B from the source 
at -233, and vice-versa. The situation is improved by adding 
another  pair of images, since the unbalanced images are farther from 
the boundaries and produce a smaller heat flowo If an infinite 
number of image pairs is usedp the boundary conditions may be 
satisfied exactly. 
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Figure 3-5 Method of Images 
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5, Welding Heat Sources 
The heat source can be characterized by its shape and its 
intensity, that is the rate at which heat is being put into the 
material being welded. These become part of the boundary conditions 
necessary to solve the heat flow equation. In general, the size of. 
the heat source is small compared to the size of the material being 
welded 
Inte’ns’ity. The intenqity of the heat source is generally formu- 
lated in terms of the eledric power of the welding arc and an arc 
efficiency. The efficbncy represents the amount o f  power which 
is actually transmitted to the material as heat and excludes losses 
to the electrode and surrounding atmosphere. This efficiency may 
ranqe from as low as about 20% for TIG welding to 99% for some 
submerged arc processes. Measured values of efficiencies for 
various processes are given in references (17) and (18). 
The net heat rate or thermal power is given by: 
Q =  n * V * I  ( 3 - 4 )  
where 
Q = power in watts 
II = efficiency 
V = arc voltage 
I = arc current 
Shape of Heat Source, Since the heat source is usually 
small, it can be modeled by either a point source or line source. 
That is the source is considered to be infinitely small. 
The line source is the two-dimensional equivalent of the point 
source and is used for thin plates. The line source is orientated 
e 
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perpendicular to the plane of the plate and radiates only in 
this plane, The intensity,q, of the line source is the net 
thermal powerp Q P  divided by the plate thickness. 
The use of point or line sources result in inaccuracy near 
the source location. The analytic solutions which are obtained 
using these sources tend to an infinitely high value at the source. 
This is, of coursel unreasonable, and one possible correction is 
to limit the temperature value to the melting point of the material, 
The effect of the shape of the heat source decreases rapidly 
with distance away from the source, and the accuracy of the cal- 
culations improves. If more accurate solutions near the heat source 
are required, they may be obtained by integration of the solutions 
for the simple sources, 
34 
@, Elastoplastic Formulation for the Plane Stress Case 
As has been previously mentioned, the two-dimensional 
approximation gives a fairly realistic model of the welding of 
flat plates with a moderate thickness, say plates up to l / 2  inch 
thick, since the temperature varies with thickness only very near 
the heat source. In this case, the plane stress formulation may 
be used, with stress and strains being considered uniform in the 
thickness directionp and oz, the stress in this direction, assumed 
to be zero. This formulation precludes any bending of the plate, 
but the stress distributions obtained could be used to predict 
buckling e 
The governing equations will be 
derivation. Such derivations may be 
including Mendelsan (13  1 
presented here without 
found in a number of sources 
1. ElastoPlastic Plane Stress Euuations 
The co-ordinate system being used in fixed in the plate 
with the x co-ordinate in the longitudinal direction and the y 
co-ordinate in the transverse direction. 
Equilibrium, The equilibrium equations involve the longi- 
and the shear stress tudinal. and transverse stresses ox and G 
These equations are: 
Y' 
XY 
T 
In the abovep no body forces act on the material, 
Compatibility, In order for the material to remain continuousp 
the longitudinal and transverse strains and E and the shear 
Y 9  
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fsfy the relation:: 
XY strainl E 
The shear strain, as used herel agrees with the tensor 
definition of strain ardis one half the value used by many authors. 
Stress-Strain Relations. The stresses and strains are related 
by the following: 
= - 1 (%-PO ) + a T  + E: + P 
‘X E Y 
( 3 - 7 )  
1 
E =i - (0-110~) + CXT + E’ + AE’ Y E Y  Y Y 
where 
E = Young’s Modulus 
son’s Ratio 
G = shear modulus = E 2 (J-+P) 
a = coefficient of linear thermal expansion 
T = temperature above reference temperature 
Aex, I? AcXP P A G E ,  are the plastic strains due to the last 
increment of load 
cp cP cP are the plastic strains due to previous increaents 
x‘ y r  xy of load 
Prdndtl-Reuss Relations, The incremental plastic strains 
are found from the stresses using the follo ing relations: 
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where 
The quantities A E  and a, are related through the uniaxial 
P 
stress-strain curve as shown in figurq 3-6t. 
Beundary- In addition, some condition must be specified 
along the boundaries sf the plate. The simplest case is the unrestrained 
edge, although other conditio may be specified, 
* 
Types of Strains. It may be helpful, at this point, to clarify 
the various types caf strain mentioned previously. The first type 
is the total strains cyyJ  E 
the actual displacements in the material and are the strains that 
etc. These strains are related to 
Y '  
are actually measured, The total strains must satisfy the compati- 
bility Et~uations ( 3 - 6  ) e 
The thermal strain, aT, is related to the expansion that would 
take place if each part of the material were completely free to 
expand, That is, the surfaces of the material are not restrained, 
and the temperature distribution is such that the thermal strains 
satisfy the compatibility equations. 
For most temperature distributionso however, the thermal 
strains alme do nQt satisfy compatibilitys and additional strain 
is present, This is the mechanical strainl or stress producing 
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strain, This strain has, in general, both an elastic and a 
plastic part and is related to the stress by the stress-strain 
diagram and the Prandtl-Reuss relations. The stresses must 
satisfy the equilibrium equations and boundary conditions in- 
volving surface forces, 
2, The Solution of the Elastoplastic Plane Stress Problem 
Although the solution of this problem is quite complicated, 
(18) some work in this area has been done, Roberts and Mendelson 
have obtained solutions for a temperature distribution which 
was uniform in the longitudinal direction and varied para- 
bolicly in the transverse direction. The authors have made 
some unsuccessful attempts to extend these solutions to tempera- 
ture distributions typical of welding processes. These are 
described in Appendix Be 
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D, Lonaitudinal Stress Analvsis 
Since experimental measurements have shown that the largest 
residual stresses occur parallel.to the weld, it has been 
suggested that the analysis of these stresses could be greatly 
simplified by ignoring the transverse and shear stresses. In 1964, 
Tall developed a procedure for calculating longitudinal stresses 
in an infinitely long plate of finite width by the use of this 
assumption, Masubuchi, Simmonsp and Monroe developed a computer 
program based on this work by Tall to calculate residual stresses 
produced by a bead-on-plate weld. This program uses the temperature 
distribution for a moving line source in an infinite plate described 
in Section 111-A, 
The analysis developed at M.I .T ,  starts with this same basic 
assumption, The det Is of the analysis are, however, quite 
different, It is the purpose of this section to describe the new 
analysis in detail and compare it with the previous work by Tall (3,4) 
The computer programs developed to implement this analysis will be 
described in Appendix A, 
The equation governing the plane stress, or two dimensional 
problem was given in the previous section, If we make the assumption 
that only the longitudinal stress is non-zero, the equilibrium 
Equation (3-5) reduce the single equation 
(3-9) 
This equation means that ox cannot vary in the direction of 
the weld. The temperature distribution doesp howeverp vary in 
this direction; and ox is allowed to vary in both this analysis 
and the analysis by Tall, Hencel in both, the equilibrium conditions 
at a point are ndt satisfied, 
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le Analysis by Tall 
This procedure produces an approximate longitudinal stress 
distribution for a bead-on-plate weld. The material is assumed 
to be elastic-perfectly plastic, that is no strain hardening occurs, 
The material properties may, however, vary with temperature, 
If a single longitu&ml position is considered, the entire welding 
process may be divided into a number of time steps, During each 
time stepp the transverse temperature distribution is assumed to 
remain constant at the observed longitudinal position. At each new 
time step, the temperature is changed and a new stress distribution 
obtained .) 
This procedure may be viewed in,a different way if a co-ordinate 
system moving with the welding arc is considered. 
systems the temperature does not change with time and likewise the 
In this moving 
stresses do not change. Each time step in the fixed system corresponds 
to a given transverse strip in the moving system, The width of each 
strip is the product ofthe length of the time step and the speed of 
the arc. 
Stress Calculation, The stress at each time step is calculated 
from each transverse temperature distribution as follows, 
An initial stress distribution is obtained from the relation: 
ox (Y) = a e E e O ( y )  (3-10) 
where 0 ( y )  is the temperature change. 
This stress distribution is the one which would be obtained 
in the strip where completely restrained, 
In order that there is no net force or moment on the strip, 
the sumation of the stresses and the sumation of $he moments pro- 
duced by the stresses must be zero acrQss the plate, 
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Jox  dy = 0 (3-11) 
/ox ydy = 0 
For a symmetric temperature distribution, the second of t3-3.d 
will be automatically satisfied, In general, howeverp the stress 
calculated by muation (3-10) will not satisfy the first relation. 
A s  a result, it is necessary to add a uniform stress across 
the plate as shown in Figure 3-7. 
The thermal stresses thus calculated are added to the stresses 
for the previous time step and cheeked to insure that the yield 
stress has not  been exceeded, Since the material has been assumed 
to be elastic-perfectly plastic, the stress at any point must not 
exceed the yield strength corresponding to the temperature at that 
point. 
limited in this waygma new constant stress level must be added to 
satisfy IqUatiOn (3-11) ~ 
If the maximum value of the stress distribution must be 
2 .  M.I.T. Analysis for Longitudinal Stress 
In this proeedulcea the same sort of time steps or transverse 
strips are used, 
bution, however, is quite different. While the stress distribution 
still has to satisfy FQuatiaw ( 3 - ~ 1 ) ~  the stress-strain relation 
is usedp and the strain thus obtained is a lso  made to satisfy the 
compatibility equation, 
The calculation of the transverse stress distri- 
In addition, the effects of strain hardening are quite easily 
included since the stress-strain curve is a necessary part of the 
analysis e 
The procedure used is to c=aPcula.te the stresses for each 
transverse strip as if it were part of an infinitely long plate 
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with a temperature distribution which varies only in the transverse 
direction. 
Alternatively, the procedure may be considered to be approxi- 
mating the welding process by a one-dimensional temperature distri- 
bution which varies in time in the same manner as the temperature 
varies at an individual longitudinal position during welding. 
Total Strain Equation, The problem of an infinitely long 
in the (13) plate of finite width, 2 C p  has been solved by Mendelson 
following manner, The co-ordinates used are shown in Figure 3-8 ,  
while the stress-strain relation, corresponding to Equations (3-7) 
& e -  (3-12.) x E x  
If one iptroduces the non-dimensional quantities 
, = x  
C 
where oo is the yield stress at some reference temperature, c0 
if the yield strain at that temperature and Eo is Young's modulus 
at that temperature, the stress-strain relation becomes 
e x = - +  E 
H T + e  
The integrals f o r  the net force and moments become 
/' Sld y = 0 
-1 
JL Ssyed y = 0 
-1 
(3-13) 
(3-14) 
In this ease, the compatibility Equation ( 3 - 6 )  reduces to 
a. Bead-on-plate 
SC 
x 
ELD 
L I N E  
b. Edge WeId 
-C 
Figure  3-8  I n f i n i t e  S t r i p  wi th  Transverse Temperature Distribution 
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2 
= o  a ex 
a Y2 
(3-15) 
which implies that the strain distridution is linear, that is 
(3-16) = a + - b y  ex 
When the linear form of the strain (3-16) is substituted 
into (3-14) using the stEess-skrain relation (3-13) I the 
resulting equations may be solved for  the unknown coefficients 
a and v. 
In this way, the final expression for the total strain is 
obtained as: 
1 
where 
(3-17) 
(3-18) 
-1 
1 2  HdnJ Hq dn - (P 'H I$TI)~ 
-1 -1 -1 
bl Hdrl 
- -1 
1 2  w 3 -  I" 
-1 -1 -1 
HdnP Hrl  drl - ( P  'H r r f i ~ ~ ) ~  
Method of Successive Elastic Solutions, The non-dimensional 
themal strain, T~ and the variation of the non-dimensional Young's 
modulusl H, are calculated from the temperature distribution T,  
4 6  
The constants A1, A2' and A3 are then evaluated from (3-18) 
Since the plastic strain, E is not known, the strain cannot be 
calculated directly from Quation (3-17). 
P' 
An initial approximation to the total strain can be Obtained, 
howeverl by assuming that the plastic strain is zero. The mechanical 
strain is then calculated from the expression 
(3-19 ) - em - ex - T 
This mechanical strain may be used to obtain a first approxi- 
mation to the plastic strain using the stress-strain curve as 
shewn in figure 3 - 9 .  
Using this approximate plastic strain, a better apprqximation 
for the total strain can be found using Equation (3-17) again. 
Then a new plastic strain is calculated as before, and the process 
is repeated until the strains obtained for the last step agree 
with strains of the previous step. 
After the desired convergence has been obtained, the stress 
distribution may be calculated from the stress-strain curve or 
from muation (3-12) 
Welding Cases. As shown in Figure 3 - 8 ,  this method can be 
applied directly to both bead-on-plate and edge welds. In the bead- 
on-plate case, in fact, the expression becomes much simpler due to 
symmetry 
To butt weld case can be handled as a combination of the 
t w o  previous cases. For time steps before the weld h a s  solidified, 
each side is treated as a separate plate being edge welded. After 
solidification, the bead-on-plate case is used. 
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SECTION IV 
Effects of Material Properties and Welding Parameters on Thermal 
Stress and Metal Movement 
In the previous section, the development of analysis for simple 
welds was described, This section contains a discussion of the 
results of this analysis. The first part is a description of a 
typical weld made for aluminum. The remaining parts are concerned 
with the effects of different welding conditions and materials. 
Since the analysis was divided into a temperature calculation 
and a stress calculation, this discussion may be divided into three 
areas involving the temperature calculation, the stress calculation, 
and the interaction between the two. 
The results of the temperature calculation are affected both 
by the thermal properties of the materials and by the welding 
conditions. 
Although the results of the stress calculation are determined 
by the temperature distribution and by the mechanical properties 
of the material, the effects of each may be considered independently. 
A, A Typical Welding Process 
This is an example of a butt weld in aluminum. The welding 
conditions were as follows: 
voltage = 10 volts 
Current = 250 amperes 
Efficiency = 60% 
Arc Speed = 0.2 inches/second 
Thickness = 0,250 inches 
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These conditions were chosen because they produce reasonable 
temperature distributions for both aluminum and steel. 
Appendix I contains the computer output from the stress 
calculation for this case. Only the first page of the temperature 
calculation, which gives thermal material properties, is included, 
since the temperature distribution output is repeated in the stress 
calculation output. 
The heat source reaches the transverse strip being observed 
at T = 9 seconds, That is, at the start of the  calculation, the 
heat source is 1.8 inches away from the observed strip. As was 
explained in Section III-B , the process is quasi-stationary, and 
variations of temperature stress with time are related to variations 
with the longitudinal co-ordinate by the arc speed. 
1. Temperature Calculation 
The temperature d4lstribution is calculated from the t w o  
dimensional solution for a moving line source in an infinite plate. 
This solution is 
-V %. 
where r = =  I-' and K o ( z )  is the zero order 
modified Bessel function of the second kind. 
In order to account for the variation of material properties 
with temperature, this equation is evaluated using the properties 
corresponding to the temperature obtained, 
Figure 4-1 shows transverse temperature distribution 
at a number of times both before and after the arc, The variation 
of temperature with time at several transverse positions is shown 
in Figure 4-2, 
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Since this solution gives an infinite temperature at the 
arcp temperature values have been limited to the melting tem- 
perature in the calculations. 
2. Stress Calculations for Aluminum Alloy 2219 (Heat treated) 
Figure 4-3  shows transverse stress distributions two 
seconds beforea at, and several times after the arc. Before 
the arc there are regions of compressive stress near the weld 
and at the edge of the plate, with tensile regions between the 
compressive regions. The compressive region near the weld 
occurs because of the resistance to the thermal expansion which 
is occurring in this area. The compressive regions at the 
edges are the result of the outward bending of each side of 
the plate. 
The stress distribution at the arc is similar except that 
the stresses are zero in the molten metal near the arc, In 
this regionp each side of the plate is still bending away from 
the weld line. 
After the are has passed, the center region begins cooling. 
The resultant thermal contraction in this region produces ten- 
sile stresses, Farther out from the center the temperature is 
still increasing and compressive stresses present, Due to 
symmetry no bending occurs after the weld has been made, and 
the stresses at the edges of the plate become tensile since 
the temperature is still very low. If a bead-on-plate weld 
is made, tensile stresses would occur at the edges in the 
region ahead of the are, 
In the region of high temperature and high compressive 
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stresses near  t h e  arc, t h e  y i e l d  s t r e n g t h  i s  q u i t e  l o w  and 
l a r g e  p l a s t i c  deformation occurs.  Immediately a f t e r  t he  a r c  
has passed, t h i s  reg ion  moves outward away from the  c e n t e r  
l i n e .  A t  t h e  same t i m e  t e n s i l e  stresses develop a t  t h e  cen- 
ter where temperatures are s t i l l  high and y i e l d  s t r e n g t h  low.. 
Reverse deformation occurs  i n  t h i s  region,  and t h e  compres- 
s ive p l a s t i c  s t r a i n s  are reduced. 
A s  t h e  p l a t e  cools  down, behind t h e  arcp t h e  t e n s i l e  
stresses near  t h e  c e n t e r  l i n e  i n c r e a s e  as t h e  y i e l d  s t r e n g t h  
inc reases ,  A t  some p o i n t  p l a s t i c  deformation s t o p s p  and the  
stress a t  t h e  c e n t e r  l i n e  becomes approximately equal  t o  t h e  
y i e l d  stress. The reg ion  of compressive stress spreads out- 
ward u n t i l  t h e  r e s i d u a l  stress d i s t r i b u t i o n  i s  reached. 
The r e s i d u a l  stress d i s t r i b u t i o n  obtained from t h i s  
c a l c u l a t i o n  f o r  aluminum i s  t y p i c a l  of a l l  such c a l c u l a t i o n s .  
N e a r  t h e  c e n t e r  l i n e  a region of t e n s i l e  stress very near  t h e  
y i e l d  stress occurs ,  while  t h e  rest of the p l a t e  i s  i n  compres- 
s ion ,  Changes i n  p r o p e r t i e s  a f f e c t  mainly t h e  w i d t h  of t h e  
t e n s i l e  zone and t h e  magnitude of t h e  compressive stresses. 
Figure 4-4 shows t h e  stress change with t i m e  a t  several 
t r ansve r se  l o c a t i o n s ,  
M e t a l  Novement. Ahead of t h e  completed weld t h e  p l a t e  bends 
outward away from the c e n t e r  l i n e .  This i s  a l s o  t y p i c a l  of 
t h e  a n a l y s i s  used, The mechanisms which cause t h e  gap ahead 
of a weld t o  close under c e r t a i n  condi t ions  i s  apparent ly  no t  
included i n  t h i s  one-dimensional a n a l y s i s ,  
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Bo Temperature Distribution 
The shape of the temperature distribution depends on the 
welding conditions and the theraml properties of the material 
being welded, This dependence is complicated by %he non-linear- 
ities involvling property changes w i t h  temperature. This 
discussion will not attempt to explain these complications, but 
will deal with the more direct effects and present some actual 
examples 
The various properties and parameters in the temperature 
solution, equation (IIIA-l)# may be combined into two parameters 
which govern the magnitude and shape of the temperature distribution, 
if the solution is written in the following form: 
where 
The a parameter is merely a scale factor, doubling a doubles 
the temperature everywhere if the non-linearities are ignored. 
In addition, since there is a limit on the maximum temperature, 
the size of the molten zone is increased, 
The f3 parameter affects the magnitude of the arguments 
of the exponential and Bessel functions. If 6 is increased, 
the same temperature will occur at a point nearer to the arcS 
and the temperature distribution will become steeper. 
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1. Welding Conditions 
Figures 4-5 and 4-6 shew the temperature distribution 
obtained for aluminum for three different sets of welding 
conditions. Additional data for these distributions is given 
in Appendix A. 
Welding Speed. The effect of an increase in welding speed 
can be seen by comparing the first and second distributions. 
An increase in speed increases the f3 parameter and results in 
a steeper and narrower distribution. Because of the extremely 
narrow molten zone, the second distribution is probably unreal- 
izable in an actual weld. 
It should be noted that the temperatures in Figure 4-5 
are plotted against actual distance, not against time. 
Heat Input. The third distribution is obtained for the 
higher speed of the second and an increased heat input. The heat 
intensity, q, affects the a parameterl and a 5 0 %  increases in 
q results in about a 50% increases in temperature except near 
the arc where non-linearities are of greatest importance. 
The combined effect of increasing both speed and heat input 
can be seen by comparing the first and third distributionso At 
higher speeds and heat inpvts, the temperature rises much more 
steeply ahead of the arc, while it drops more gradually along the 
center line behind the arc. The transverse distribution behind 
the arc is, howeverp steeper for the high speed, high heat condition., 
The effects of these temperatures dustributions on the 
thermal stresses will be described in a later section, 
2. Material Properties 
Comparing tern erature distributions for different materials 
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is much more complicated, since the variations in properties 
with temperature may be different for different materials. 
Figure 4-7  shews the thermal conductivity and the product 
of density and specific heat for steel and aluminum. 
The products of density and specific heat affects the 6 
parameter in the same way as the welding speed affects this 
parameter. An increase in conductivity, howevero decreases both 
the a and 13 parameters, Hence, decreasing conductivity is 
roughly the same as increasing both welding speed and heat input. 
Figure 4-8 shows centerline temperatures f o r  steel 
and aluminum at the same welding conditions. The temperatures 
have been non-dimensionalized by dividing by the respective 
melting temperatures. 
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C. Thermal Stresses 
The thermal stresses are affected by the mechanical 
properties of the material being welded and by the shape of the 
temperature distribution. The temperature distribution is of 
course controlled by the welding conditions and thermal properties, 
While the problem sf thermal stress analysis is more complicated 
than the calculation of temperature distributions, several of the 
more important effects of temperature distributions and properties 
may be discussed qualitatively. 
The most important phenomenon particularly in connection 
with the development of residual stresses after welding, is the 
plastic deformation which occurs at and near the weld. The 
residual stress distribution is determined by the amount of 
plastic deformation, In general# the region of tensile stresses, 
at approximately the yield stress, will have about the same width 
as the zone of plastic deformation. The magnitude of compressive 
stresses outside of this region is governed by the requirement 
that the net force mer the entire width of the plate is zero. 
The width ofthis plasticyield zone is controlled primarily 
by the temperature distribution and the yield strength of the 
material 
1, Effects of Temperature Distribution 
There are two important ways in which t h e  temperature distri- 
bution affects the plastic deformation. 
The first of these is obvious. As a result of the increased 
temperature, the material near the weld expands- If the thermal 
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strain thus produced fails to satisfy the compatibility rela- 
tion given in equation (3-15), there must be a mechanical 
strain also. If the magnitude of this mechanical strain is 
sufficiently high, there will be plastic as well as elastic 
strain. 
The second effect. involves the variation of yield strength 
with temperature. At elevated temperatures the yield strength 
of the material is considerably reduced and large plastic de- 
formations occur for the same total strain. 
2 .  Effects of Material Properties 
An analysis was made of effects of material properties 
on residual stresses. Figure 4-9 shows yield stress vs. 
temperature curves for several materials including high- 
strength aluminum (with which the current study is primarily 
concerned), low carbon steel, ultrahigh strength steel, colum- 
bium, and tantalum. 
The yield strength of ultrahigh-strength steel is very 
high at room temperature, but it decreases rather rapidly with 
increasing temperature, Columbium and tantalum, which were 
included by the request from G, C. Marshall Space Flight 
Center, are characterized by low yield stresses at room tem- 
perature and relatively high yield stresses at high temperature. 
Details of temperature and stress calculations are pre- 
sented in the Appendix, The following pages discuss longitu- 
dinal residual stresses, 
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Figure 4-10 shows residual stress distributions for low 
carbon steel and ultrahigh-strength steel, In both cases 
maximum tensile stresses at the weld center are as high as 
the yield stresses of these steels, The width of tensile 
residual stress for ultrahigh-strength is very narrow.' This 
is primarily due to the fact that only a very narrow zone 
undergoes plastic deformation during welding, 
Figure 4-11 shows residual stress distributions for 
columbium and tantalum. The widths of tensile residual stress 
zones are very large. Since both columbium and tantalum have 
relatively low yield stresses at a wide temperature range, 
very large areas of plastic deformation occur during welding, 
Figure 4-11 suggests that residual stresses and distor- 
tion can be quite a problem during welding some refractory 
metals including columbium and tantalum, It was informed 
from the G .  C. Marshall Space Flight Center that some distor- 
tion problems have been experienced in welding these metals. 
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D, E f f e c t s  of Welding Parameters 
Fur the r  s t u d i e s  w e r e  made of e f f e c t s  of welding parameters 
on thermal stresses during welding of 2219-0 aluminum p l a t e s  
and 
1. 
r e s u l t i n g  r e s i d u a l  stresses. 
Welding Pav 'meters  Used i n  t h e  Analysis 
Table 4 -1  shows va lues  of welding parameters used i n  t h e  
s i x t e e n  cases s tud ied .  The d e f i n i t i o n s  of l i n e a r  n e t  h e a t  
i n p u t ,  h ,  and l i n e a r  n e t  h e a t  i n t e n s i t y ,  q r  are: 
H h = -  
T ( 4 - 3 )  
where 
Q = r j e V e I  as def ined  by Equation ( 3 - 4 ) ,  thermal power 
of h e a t  source i n  w a t t s  o r  jou les / sec .  
v = welding speed i n  inches/sec.  
T = p l a t e  th i ckness ,  inch  
From the  d e f i n i t i o n s ,  q i s  t h e  i n t e n s i t y  of a l i n e  h e a t  
source ,  o r  t h e  average value of the  i n t e n s i t y  of h e a t  source 
i n  t h e  th ickness  d i r e c t i o n ;  t h e r e f o r e ,  q i s  c a l l e d  t h e  " l i n e a r  
n e t  h e a t  i n t e n s i t y . "  The value h i s  t h e  n e t  hea t  i n p u t  sup- 
p l i e d  t o  u n i t  p l a t e  th ickness ;  t h e r e f o r e ,  it i s  c a l l e d  the 
" l i n e a r  n e t  h e a t  i n p u t  a I' 
As shown i n  Table 4-1, welding speed, v, w a s  changed i n  
fou r  l eve ls  5 ,  1 0 ,  2 0 ,  and 30 inches  p e r  minutep o r  0 .0833 ,  
0 . 1 6 6 7 ,  0 , 3 3 3 1  and 0 , 5 0 0  inches pe r  second- Linear  n e t  h e a t  
i n p u t ,  h ,  w a s  a l so  changed i n  fou r  l e v e l s ,  1 0 , 0 0 0 ,  3 2 , 0 0 0 ,  
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5 6 , 0 0 0  and 8 0 , 0 0 0  joules/ inch/ inch,  When t h e  value of a rc  
e f f i c i e n c y  i s  O e 7 ,  f o r  example, t h e s e  n e t  h e a t  i n p u t  va lues  
correspond t o  14,300, 45,700, 80 ,000 ,  and 1 1 4 , 0 0 0  joules/ inch/  
i nch ,  r e s p e c t i v e l y  welding h e a t  i n p u t .  
It  must be mentioned t h a t  l i n e a r  n e t  h e a t  i n p u t ,  h ,  and 
welding speed, v,  are n o t  independent,  as shown from Equation 
(4-3),  For example, when v i s  inc reased  t o  2v, while  q i s  
unchanged, h w i l l  be reduced t o  1 / 2  h. Figure 4-12 shows 
welding parameters used f o r  t h e  1 6  condi t ions  s tud ied ,  The 
va lue  of l i n e a r  n e t  h e a t  i n t e n s i t y  q i s  t h e  lowest f o r  C a s e  1 
with l o w  h e a t  i n p u t  and slow welding speed, while  it i s  the  
h ighes t  f o r  C a s e  1 6  w i t h  high h e a t  i n p u t  and f a s t  welding 
speed. 
A l l  c a l c u l a t i o n s  w e r e  conducted on bead-on-plate welding 
along t h e  l o n g i t u d i n a l  c e n t e r  l i n e  of a i n f i n i t e l y  long s t r i p  
1 8  inches wide. F igures  4-13 ( a )  through (d )  shows va lues  of 
y i e l d  stress, Young's modulus, thermal conduc t iv i ty ,  and 
c o e f f i c i e n t  of l i n e a r  thermal expansionp. r e s p e c t i v e l y ,  a t  
var ious  temperatures .  Values of s p e c i f i c  heat and dens i ty  
are assumed t o  be cons tan t :  
S p e c i f i c  h e a t ,  c = 2 4 2 . 4  joules/lb/OF 
Density,  p = 0.102 l b / i n  a 3 
2, Temperature and Stress Chanaes 
Examples of changes of temperature and thermal stresses 
during welding a r e  shown i n  t h e  followbng: 
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Table 4-1 
Weldina Parameters Used in the Analysis 
Arc Travel Speed, v 
' inches/min inch/sec Case 
Linear Net * 
Heat Input, h 
joules/inch2 
10,000 
32,000 
56,000 
80,000 
10 ,000 
32,000 
56,000 
80 ,000 
10,000 
32,000 
56 ,000 
80,000 
10,000 
32,000 
56,000 
80,000 
Linear Net J( 
Heat Intensity, q 
joules/sec/inch 
833  
2,667 
4,667 
6,667 
1 ,667 
5,333 
9,333 
1 3  I 3 3 3  
3,333 
10 ,667 
18 ,667 
26,667 
5,000 
16 ,000 
28,000 
40,000 
* 
Values of h and q are actual values supplied to the plate, 
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F i g u r e  4-13(b) Temperature vs.  Young's Modulus 
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Figure 4 - 1 4 ( a ) :  Temperature change f o r  Case 5 
F igure  4 - 1 4 ( b J :  Stress change f o r  C a s e  5 
Figure 4-15 (a) : Temperature change f o r  Case 6 
Figure  4-15 (b) : S t r e s s  change f o r  Case 6 
Figure 4 - 1 6 ( a ) :  Temperatuse change f o r  C a s e  7 
Figure 4 - 1 6 ( b ) :  S t r e s s  change for  Case 7 
Figure 4-1.7(a): Temperature change f o r  C a s e  8 
F igure  4 - 1 7 ( b ) :  S t r e s s  change f o r  Case 8 
The f i g u r e s  show temperature and stress changes aaong t h e  
t h r e e  l i n e s  as fol lows:  
(1) Weld c e n t e r  l i n e  (y = 0 inch)  
( 2 )  Line 0,9 inch  ( 1 0 %  of h a l f  b readth  of t h e  p l a t e  
being jo ined)  from t h e  weld c e n t e r  l i n e .  
( 3 )  P l a t e  edge (y = 9 inches)  
The welding arc w a s  l o c a t e d  a t  9 seconds. The i n i t i a l  
temperature of t h e  p l a t e  was assumed t o  be O o  F. Consequently, 
when t h e  r e s u l t s  are app l i ed  t o  any s p e c i f i c  examplep t h e  
i n i t i a l  temperature of t h e  p l a t e  must be added t o  va lues  shown 
i n  Figures  4-14 through -17. 
F igures  4-18(a) through (d)  show stress changes at t h e  
weld c e n t e r  
speed: 
Figuxe 
( y  = 0 )  under d i f f e r e n t  heat inpu t  and welding 
4--18(a):  Under l i n e a r  n e t  h e a t  i n p u t  of 1 0 , 0 0 0  
2 j o u l e s / i n  v = 0.0833 through 0.5 inch/ 
see. (Cases 1, 5 ,  9 ,  and 13) 
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Figure 4-18(b): Under linear net heat input of 32,000 
2 joules/in I v = 0.0833 through 0,5 inch/ 
sec. (Cases 2, 6, 10, and 14) 
Figure 4-18(c): Under linear net heat input of 56,000 
2 joules/in , v = 0.0833 through 0 - 5  inch/ 
sec. (Cases 3 ,  7, 11, and 15) 
Figure 4-18(d): Under linear net heat input of 80,000 
2 joules/in I v = 0.0833 through 0.5 inch/ 
sec. (Cases 4, 8, 12, and 16). 
Distributions of residual stresses after the completion 
of weld (time = a) for the 16 cases analyzed are shown in 
Figures 4-19 (a) through (a). 
3. Analysis of Effects of Welding Parameters 
Figures 4-13 through 4-18 show how welding parameters 
;o 
affect temperature and stress changes during welding 2219-0 
aluminum alloy. The following pages discuss details of the 
effects of welding parameters on thermal stresses and resi- 
dual stresses: 
(1) Residual stresses 
(2) High tensile thermal stresses in areas behind the arc 
(3) Compressive thermal stresses in areas ahead of the arc 
(4) Size of plastic zone 
The discussions also include some practical hints regarding 
control of residual stress! distortion, and mismatch during 
welding fabrication. 
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1 STRESS CHANGES AT WELD LINE 
I I I I I l l i  I I I I 1 1 1 1  
IO2 123 
T I M E  (SEC) 
h = I0,OOO JOULES /IN2 
--_.--- 0,0833 (CASE I )  
~~ 0.1667 (CASE 
-0 -  P __s 0.3333 (CASE 9) 
0.5000 (CASE 13) 
S t r e s s  Changes a t  Weld Line under 
h = 1 0 , 0 0 0  j ou le s / in2 ,  v = 0 .0833  
through 0 . 5  i n / sec  
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STRESS CWANG S AT WELD bi 
Figure  4-18(b) Stress Changes a t  Weld Line under 
h = 32,000 j ou le s / in2 ,  v = 0 . 0 8 3 3  
through 0 . 5  in/sec 
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Figure  4-1G (c )  S t r e s s  Changes a t  Weld Line under 
h = 5 6 , 0 0 0  j ou le s / in2 ,  v = 0.0833 
through 0 . 5  i n / sec  
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Figure 4-18  (a) S t r e s s  Changes a t  Weld Line  under 
h = 80,000 joules/in2, v = 0 . 0 8 3 3  
through 0 . 5  i n / s e c  
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Residual S t r e s s e s  F igures  4-19 (a) through (d) show distaribu- 
t i o n s  of l o n g i t u d i n a l  r e s i d u a l  stress along a transverse sec- 
t i o n .  The m a x i m u m  va lue  of r e s i d u a l  stress a t  t h e  weld c e n t e r  
l i n e  i s  about 1 1 , 0 0 0  p s i ,  which i s  t h e  y i e l d  stress l e v e l  a t  
room temperature ,  r e g a r d l e s s  of welding condi t ions .  
However, bhe width of t e n s i l e  r e s i d u a l  stress zone i s  
a f f e c t e d  by welding parameters.  F igure  4-20 shows t h e  h a l f  
width of t e n s i l e  r e s i d u a l  stress zone as a f f e c t e d  by l i n e a r  
n e t  h e a t  i n p u t ,  h ,  and welding speed, v; while  Figure 4-21  
shows t h e  h a l f  width of t e n s i l e  r e s i d u a l  stress zone as a f f e c t e d  
by l i n e a r  n e t  h e a t  i n t e n s i t y ,  g ,  and welding speed, v. 
F igures  4-20 and - 2 1  show t h a t  l i n e a r  n e t  h e a t  i n p u t ,  h ,  
i s  t h e  most s i g n i f i c a n t  f a c t o r  t h a t  a f f e c t  t h e  width of t e n s i l e  
r e s i d u a l  stress zone, and it i n c r e a s e s  with inc reas ing  hea t  
i npu t .  The e f f e c t  of h e a t  i npu t ,  however, i s  n o t  l i n e a r .  The  
i n c r e a s e  i n  t h e  width of t e n s i l e  r e s i d u a l  stress zone per  u n i t  
i nc rease  i n  h e a t  i n p u t  decreases  as h e a t  i n p u t  i nc reases .  
From t h e  p r a c t i c a l  viewpoint,  the  r e s u l t s  c l e a r l y  show 
t h e  advantage of using low welding h e a t  i npu t  t o  reduce resi- 
dual  stxesses and d i s t o r t i o n ,  
High Tens i le  Stresses i n  Areas Behind t h e  A r c .  Figures  4 -18(a )  
through ( a ) ,  which show changes of thermal stresses during 
welding along t h e  weld c e n t e r  l i n e ,  i n d i c a t e  t h a t  very high 
t e n s i l e  stresses o f t e n  occur i n  s m a l l  areas behind t h e  weld- 
i ng  arc. Such high t e n s i l e  thermal stresses may cause h o t  
cracking when welding c e r t a i n  a l l o y s .  
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Figure 4-20 E f f e c t s  of Linear  Heat Input ,  h ,  and 
Welding Speed, v ,  on t h e  Width of 
Tens i l e  Residual  S t r e s s  Zone 
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LINEAR HEAT INTENSITY, q , (JOULES/SEC/INCH) 
Figure 4 - 2 1  Effects of Linear  Heat I n t e n s i t y ,  q ,  
and Welding Speed, v ,  on t h e  Width 
of T e n s i l e  Residual  S t r e s s  Zone 
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Figure 4-22 shows va lues  of maximum t e n s i l e  stress 
obtained during welding under t h e  1 6  cases s tud ied ,  The f i g u r e  
shows t h a t  high stresses around 1 7 , 0 0 0  p s i  f o r  Cases 1, 5 ,  9 ,  
and 1 3 ,  which are welded under t h e  lowest h e a t  i n p u t  2,500 
joules / inch  (o r  10,000 joules/ inch/ inch f o r  1 / 4  inch t h i c k  
p l a t e ) .  
The r e s u l t s  i n d i c a t e  t h a t  t h e  use of extremely l o w  heat 
inpu t  should be avoided i f  t h e r e  i s  a danger of causing hot 
cracking 
Commessive Thermal Stresses i n  A r e a s  Ahead of the Arc. 
Figures  4-18(a) through (d)  show t h a t  f a i r l y  high compressive 
stresses occur  i n  areas ahead of t h e  arc made under c e r t a i n  
welding condi t ions .  
Table 4-2 shows t h e  s i z e  of t h e  compressive stress zone 
expressed i n  terns of t h e  s i z e  a long t h e  weld cen te r  l i n e  of 
the  area where stresses exceed - 5 , 0 0 0  p s i .  I n  C a s e  1, for 
example, stresses exceed -5 ,000  p s i  i n  t h e  t i m e  span of 5,2 
seconds, o r  t h e  zone i s  0.43 inch  long. For welds made a t  a 
given welding speed, the  s i z e  of t h e  compressive stress zone 
inc reases  wi th  inc reas ing  h e a t  i n p u t .  The compressive zone 
i s  t h e  largest  (1.5 inches)  when t h e  w e l d  i s  made w i t h  h ighes t  
heat i n p u t  and a medium welding speed ( C a s e  8 )  
The s i z e  of t h e  compressive stress zone was t h e  smallest 
f o r  C a s e  13 ,  welded w i t h  t h e  lowest heat i n p u t  and the  h ighes t  
welding speed, 
h 
9 9  
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Size 
Case 
Number 
9 
10 
11 
12 
13 
14 
15 
16 
Table 4-2 
of Compressive Stress Zone Ahead of the Welding Axc 
Time Interval in Which 
t sec. 
Stresses Exceeds -5000 psi 
5.2 
10.0 
10.0 
10,o 
3.4 
5.9 
7.3 
9*0 
1.3 
2. 
2.4 
2.8 
~ 
0 
1.2 
1.3 
1.4 
Longitudinal Size of the 
Compressive Stress Zone 
t x v inch 
0,43 
0.83 or larger 
0.83 or larger 
0.83 or larger 
0,57 
0.98 
1,22 
1.50 
0.43 
0.77 
0.80 
0.93 
~ 
0 
0.6 
0.65 
0.70 
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From t h e  p r a c t i c a l  viewpoint,  compressive stresses i n  
areas ahead of t h e  arc appear t o  be r e l a t e d  t o  t h e  j o i n t  m i s -  
match o f t e n  experienced during t h e  f a b r i c a t i o n  of l a r g e  tanks  
i n  the Saturn V. I f  high stresses e x i s t  i n  a r e a s  ahead of 
t h e  arc,  they may cause j o i n t  mismatch e s p e c i a l l y  when both 
p a r t s  of t h e  j o i n t  have d i f f e r e n t  r i g i d i t y - - f o r  example, 
j o i n i n g  a hemispherical  wa l l  t o  a cy l inde r .  
Since the c u r r e n t  a n a l y s i s  w a s  made of bead-on-plate 
welds,  n o t  a j o i n t ,  t h e  r e s u l t s  given i n  Figures  4 -18(a )  
through (d)  and Table 4-2 only i n d i c a t e  t h e  p o s s i b i l i t y  t h a t  
compressive stresses i n  areas ahead of t h e  arc could be i m -  
p o r t a n t  f o r  causing j o i n t  m i s m a t c h .  Fur ther  a n a l y s i s  i s  
needed on t h i s  s u b j e c t .  
S i z e  of P las t ic  Zone. Figures  4 - 1 9 ( a )  through (d)  and 
Figure 4-20,  show t h a t  the width of t e n s i l e  r e s i d u a l  stress 
zone i n c r e a s e s  wi th  inc reas ing  h e a t  i n p u t .  The r e s u l t s  
i n d i c a t e  t h a t  t h e  s i z e  of t he  p l a s t i c  zone near  t h e  weld 
inc reases  with h e a t  i npu t ,  
Figures  4-23(a) and (b) show how the p l a s t i c  zone i s  
2 developed near  t h e  arc f o r  C a s e s  5 (h = 1 0 , 0 0 0  j ou le s / in  I 
v = 1 0  ipm) and C a s e  1 2  (h = 8 0 , 0 0 0  j ou le s / in  v = 20 ipm)! 2 
r e s p e c t i v e l y ,  The numbers shown are temperature changes i n  
degrees f a h r e n h e i t  a t  t he  o u t e r  edge of t h e  p l a s t i c  zoneo A s  
descr ibed  ear l ier ,  t h e  a n a l y s i s  w a s  made under t h e  i n i t i a l  
temperature of O o  F. 
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In Case 5 ,  for example, the material along the weld 
center line first experiences plastic deformation when the 
welding arc approaches a distance about 0 - 2  inch away, and 
the temperature is 191°F above the initial temperature. The 
plastic zone extends outward as the arc approaches, 
The above results provide an interesting insight about 
methods of reducing residual stresses and distortion during 
welding fabrication. If there is a method to limit the extent 
of the plastic zone, residual stresses and distortion can be 
reduced. Such an example would be a metal jig which (1) re- 
moves heat from the welded joint and (2) restrains the joint 
to reduce plastic deformation. In order for the jig to be 
effective in reducing distortion, however, it must be placed 
close enough to Ifhe joint so that plastic deformation can be 
control led e 
Figures 4-23(a) and (b) indicate that how close jig must 
be placed to a joint depends upon welding conditions. The 
computer programs developed in this study could be used as a 
guide to design a jig which is effective for reducing distortion. 
It reaches the maximum width of about 1.3 inch (0.65 inch x 2) 
and the temperature change at the outer edge of the plastic 
zone was 105O F. 
In Case 12 the plastic zone extended as far as 3,6 inches 
from the weld center and the temperature change at the outer 
edge of the plastic zone was 136O F. The plastic zone is 
determined not only by the temperature but also by the 
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h = I0,OOQ JOULES/IM2 
\I = 0.1667 IPS (CASE 5 )  
DISTANCE FROM (e (INCH) 
Note: The numbers shown 
are temperature 
changes (OF) at the 
outer edge of the 
plastic zone. 
Figure 4-23(a) Development of Plastic Zone near 
the Weld for Case 5 
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h = 80,000 JOULES/ IN2 
v =0.333 IPS 
DISTANCE FRO 
PLASTIC ZONE 
Figure 4-23(b) Development of P l a s t i c  Zone near  
the Weld f o r  Case 1 2  
Note: T h e  numbers shown a r e  temperature changes (OF) 
a t  t h e  o u t e r  edge of t h e  p l a s t i c  zone, 
105 
temperature gradient. Therefore, temperature values shown in 
Figures 4-23(a) and (b) only give general ideas about tem- 
perature changes at which thermal stress reach the yield 
stress e 
It is interesting to compare results given in Figures 
4-23(a) and (b) with those given in Figure 4-20, Figures 
4-19(a) and (d). The width of tensile residual stress zone 
is determined primarily by the width of the plastic zone. 
A method has been developed by Harvey Aluminum, Inc. to 
reduce distortion by cryogenically cooling areas near the 
weld. (”) 
plastic deformation in areas near the weld is reduced. The 
computer programs developed in this study should be useful in 
determining the cooling condition most effective in reducing 
distortion. 
Such a method will be effective only when the 
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SECTION V 
EXPERIMENTAL INVESTIGATION 
A. Object ives  
The o b j e c t i v e  of t h e  experimental  i n v e s t i g a t i o n  w a s  t o  
eva lua te  t h e  accuracy of t h e  mathematical a n a l y s i s  developed 
i n  t h i s  s tudy.  To s impl i fy  t h e  i n v e s t i g a t i o n  experiments w e r e  
conducted on bead-on-plate welds made i n  2219-0 aluminum a l l o y .  
Temperature changes during welding w e r e  measured by themo-  
couples,  while  s t r a i n  changes w e r e  measured by s t r a i n  gages 
mounted on specimen su r faces .  
Experiments w e r e  conducted i n  two series. The major 
o b j e c t i v e  of t h e  S e r i e s  1 experiment w a s  t o  determine whether 
t h e  experimental  set-up w a s  adequate. One specimen with only 
one thermocouple Znd one r o s e t t e  s t r a i n  gage w a s  used, and 
s e v e r a l  welds were made on the  specimen. 
I n  t h e  S e r i e s  2 experiment, bead-on-plate w e l d s  w e r e  
made under d i f f e r e n t  condi t ions  on f o u r  specimens. 
1 0 7  
B, Experimental Procedures 
1. Specimen Prepara t ions  
S e r i e s  1 Experiment. Figure 5-1 shows t h e  specimen, which 
w a s  30 inches long, 1 8  inches  wide and 1/4 inch  t h i c k .  One 
three-axis  r o s e t t e  s t r a i n  gage and one thermocouple w e r e  
mounted. Types and c h a r a c t e r i s t i c s  of t h e  gage and t h e  t h e r -  
mocouple are as fol lows:  
S t r a i n  Gage: BLH Type FAER-18RB-12S13ET 
Gage l eng th :  0 . 1 2  inch 
Gage f a c t o r :  2,O a t  room temperature 
Thermocouple: BLH Type GTM-CA (chromel/alumel) 
They w e r e  manufactured by BLH E lec t ron ic s ,  I n c e B  Waltham, 
Massachusetts.  
The s t r a i n  gage was mounted w i t h  t h e  BLIi EPY-600 cement, 
BLH Barrier C w a s  a l s o  used t o  p r o t e c t  s t r a i n  gages from high 
temperatures and o t h e r  environments, 
Table 5-1 shows welding procedures and condi t ions  used 
i n  t h e  S e r i e s  1 experiments. 
A t  t h e  f i r s t  tes t  (number P R - T l ) ,  a w e l d  bead of gas 
m e t a l  a rc  with argon s h i e l d i n g  w a s  l a i d  along a l i n e  near  the  
c e n t e r  l i n e  of t h e  p l a t e ,  as shown i n  Figure 5-1, T h e  l a te ra l  
d i s t a n c e  between t h e  measuring p o i n t  and the  w e l d  l i n e  w a s  
2 .9  inches.  Changes of temperature and s t r a i n  during welding 
and subsequent cool ing w e r e  recorded. 
A f t e r  t h e  f i r s t  t e s t  w a s  completed and t h e  specimen 
cooled t o  room temperature ,  t h e  second weld bead w a s  l a i d  
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Table 5-1 
Welding Procedures and Conditions Used i n  t h e  S e r i e s  1 Experiment 
a. 
B. 
Welding Procedures 
GMA welding wi th  argon s h i e l d i n g  
F i l l e r  m e t a l :  4 0 4 3 ,  0,062 inch  i n  diameter 
T e s t  p l a t e  w a s  f r e e .  
Weld l eng th  = 28 inches .  
Welding Conditions 
’’ I x 60  T = 1 / 4  i nch  v ’ T  h =  * 
C,  Gage Location and Deflect ion 
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along a l i n e  closer t o  t h e  gage. The lateral  d i s t a n c e  between 
t h e  measuring p o i n t  and t h e  weld l i n e  under t es t  number PR-T2 
w a s  1 .3  inches.  
I n  t h e  t h i r d  t es t  (number PR-T3),  a weld bead w a s  l a i d  
on t h e  back su r face  of t h e  specimen along a l i n e  2-1 inches 
away from t h e  measuring p o i n t .  
Table 5-1 a l s o  shows t h e  amount of d e f l e c t i o n  of the  
specimen a f t e r  welding. Longi tudinal  d e f l e c t i o n  i n  t he  amount 
of 0.5 inch measured a t  t h e  p l a t e  c e n t e r  occurred af ter  t h e  
f irst  weld. N o  f u r t h e r  change i n  d e f l e c t i o n  occurred during 
t h e  second and t h e  t h i r d  welds. 
Series 2 Experiment. Figures  5-2(a)  and (b)  show test  
specimens used i n  t h e  Series 2 experiment. On Specimen RE-T1, 
FCZ-T2, RE-T3, t h r e e  3-axis r o s e t t e  gages and t h r e e  thermo- 
couples were mounted on t h e  t o p  s u r f a c e ,  as shown i n  Figure 
5 - 2 ( a ) ,  On Specimen RE-T4, two 3-axis r o s e t t e  gages and two 
termocouples w e r e  mounted on t h e  t o p  s u r f a c e B  and one 3-axis 
rosette gage and one thermocouple w e r e  mounted on t h e  bottom 
s u r f a c e ,  as shown i n  Figure 5-2(b) .  
Welding w a s  done by gas tungs ten  a r c  process  using helium 
s h i e l d i n g  g a s p  b u t  no f i l l e r  m e t a l  w a s  suppl ied .  Table 5-2 
shows welding condi t ions  used on t h e  f o u r  specimens, 
An important d i f f e r e n c e  between the  S e r i e s  1 and t h e  
Series 2 i s  how specimens w e r e  cons t ra ined .  I n  t h e  Series 2 
I 
4 
experiment, specimens w e r e  clamped by b o l t s  t o  a steel  p l a t e  
RE-T I  SERIES 
000,  @@a, 008 : ROSETTE STRAIN GAGES 
a @ @  ' THERMOCOUPLES 
Notes: 
1. The weld length was 28 inches. 
2. Dimensions in the figure are expressed in inches. 
Figure 5 - 2 ( a )  Spqcimens Used in the Second Series 
!Test Numbers R E - T l ,  RE-T2,  and RE-T3) 
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RE-T4 
000,13@:5~, @>88 : ROSETTE STRAIN GAGES 
I ( 008: ON BACK SURFACE AND SAME 
POSITION AS 000) 
@ 1;; @ .” TH 
( @  : ON BACK SURFACE AND SAME 
POSITION AS 63 ) 
Notes: 
1. The weld l eng th  w a s  28  inches .  
2 .  Dimensions i n  t h e  f i g u r e  are expressed i n  inches.  
Figure 5 - 2 ( b )  Specimen Used f o r  t h e  T e s t  Number RE-T4 
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Table 5-2 
Welding Procedures and Conditions Used i n  t h e  Series 2 Experiment 
A. 
3. 
Welding Procedures 
GTA welding wi th  helium sh ie ld ing ,  no f i l l e r  m e t a l  
T e s t  specimens w e r e  f i x e d  t o  t h e  j i g .  
Weld l eng th  = 30 inches .  
Welding Conditions 
1 ' A r c  Curren t ,  I 
I amperes Number I 
I 
T e s t  
 
=-TI 1 
W-T2 
RE-T3 
RE-T4 
274  
276  
2 7 3  
2 7 7  
I 
Arc Voltage Arc Travel 
v v o l t s  Speed 
v, i p m  
17 .0  
1 7 . 0  
1 6 . 8  
16 .9  
9 .47  
39.2 
1 7 . 5  
1 7 . 0  
Linear,Heat 
Input  h 
jou les / in2  
1 1 8 , 0 0 0  
2 8 , 7 4 0  
62,900 
66 ,000 
' * ' x 6 0  T = 1 / 4  inch v * T  h =  
* 
1 1 4  
1/2 inch  t h i c k ,  as shown i n  Photograph 5-1, The photograph 
also shows t h e  welding head and GTA t o r c h  used., 
2 e Ins t rumen ta t ion  and Recordina 
Figure 5-3 shows t h e  o u t l i n e  of t h e  experimental  set-up 
used. Changes of temperature and s t r a i n s  during welding a 
subsequent cool ing w e r e  recorded on an osc i l l og raph ic  paper 
using a 4-channel r eco rde r .  
Photograph 5-2 a l s o  shows t h e  experimental  set-up. 
Shown i n  t h e  foreground are switch boxes, s t r a i n  i n d i c a t o r s ,  
and a r eco rde r .  
F igu re '5 -4 (a )  shows t h e  thermocouple c i r c u i t ,  and 
Figure. 5-4(b) shows t h e  s t r a i n  gage c i r c u i t .  
3, Specimens 
Photograph 5-3 shows t h e  t o p  su r face  of t h e  speeimen 
used i n  t h e  Series 1 experiment. Photographs 5-4 through 5-7 
show t h e  top  su r faces  of the f o u r  specimens used i n  t h e  
S e r i e s  2 experiment. Shown i n  t h e  photographs are s t r a i n  
gages,  thermocouples, as w e l l  as weld beads. Photograph 5-5 
shows t h a t  t h e  weld bead on t h e  Specimen RE-T1 w a s  wavy s i n c e  
t h e  welding arc w a s  r a t h e r  uns t ab le ,  
'h  
1? 
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Photograph 5-1 T e s t  Specimen and Welding Head 
Photograph 5-2 Experimental Set-up 
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TEST SPECIMEN 
ALUMINUM ALLOY 2219-0 
: STRAIN GAGES 
RMOCOUPLE 
Figure 5-3 Outline of Experimental Set-Up 
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C, Experimental M s u l t s  
1 e Temperature Changes 
Figure 5-5 shows temperature changes observed on the  
thermocouple mounted on the  specimen used i n  t h e  Series 1 
experiment. T e s t s  were made f o r  three t i m e s  (PR-T1, PR-T2, 
and PR-T3). 
Regarding the  t i m e  scale, t h e  "arc" i n d i c a t e s  t he  t i m e  
when t h e  welding arc passed t h e  p o i n t  closest t o  the measur- 
i n g  p o i n t ;  whi le ,  t h e  Itend" i n d i c a t e s  t h e  t i m e  when welding 
w a s  f i n i s h e d .  The zero second of t h e  t i m e  scale w a s  chosen 
a r b i t r a r i l y .  L i t t l e  change i n  temperature w a s  observed u n t i l  
t h e  welding arc approached t h e  measuring po in t .  
Figure.5-6 shows temperature changes observed on three 
thermocouples mounted on t h e  specimen N o .  RE-T1. The  t h r e e  
thermocouples, N o s .  1 0 ,  11, and 12 i n  F igure  5-2(a) are 
loca ted  0 . 9 ,  2.1, and 4.5 inches ,  r e s p e c t i v e l y ,  from t h e  
w e l d  c e n t e r  l i n e ,  Figures  5-7 and 5-8 show temperature 
changes observed on t h r e e  thermocouples mounted on the  spe- 
cimens N o .  RE-T2 and RE-T3. 
F igure  5-9 shows temperature changes observed on three 
thamocouples  on t h e  specimen N o .  RE-T4. ,Temperature changes 
observed on t h e  t o p  and bottom s u r f a c e s  0 . 9  inch  away from 
the weld c e n t e r  l i n e  are very s i m i l a r .  The r e s u l t s  i n d i c a t e  
t h a t  temperature changes i n  an aluminum p l a t e ,  which keas 
h e r  high heat conduct iv i ty ,  are uniform i n  t h e  th ickness  
d i r e c t i o n .  
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2. Strain Changes 
Figures 5-10 through -14 show strain changes observed on 
the rosette strain gage mounted on the specimen used in the 
Series 1 experiment. Numerical figures 1 2 3 in the figures 
show the direction of the gage components: 
1 : Longitudinal or parallel to the weid line 
2 : 45 degrees from the longitudinal direction 
3 : Transverse or perpendicular to the weld line 
The lateral distances between the gage and the weld line were: 
2.9 inches in Test Number PR-T1 
1 . 3  inches in Test Number PR-T2 
2.1 inches in Test Number PR-T3 
As shown in Figures 5-10 through -121 all of the three gage 
components worked well during the three tests., 
In the strain measurement conducted in this study, what 
was really measured was the resistance change observed on an 
electric-resistance strain gage, AR, which is composed of: (20 )  
AR = AR1(~e) + AR (E f + AR3(aT)  + AR4(T) (4-4 1 2 P  
where 
AR ( e  ) = 
2 P  
the resistance change that corresponds to the 
elastic strainp from which stresses can be 
computed a 
the resistance change that corresponds “&Q the 
plastic strain, E if it exists, 
P’ 
126 
AR3(aT)  = the resistance change that corresponds to the 
thermal strain caused by the temperatu 
AR4(T)  = the resistance change caused by the change in 
temperature. 
Values shown in Figure 5-10 through -14 show mechanical 
strains + 
from E 'e Pe 
Figures 
E (if E exists), It is not possible to separate 
P P 
5-13 through -16 show strain changes observed on 
the three rosette strain gages mounted on the Series 2 
experiments. 
In tests RE-T1, RE-T3, and RE-T4 some gage components 
located close to the weld line (0.9 inch away) were damaged 
due to the welding heat. The "x" marks in Figures 5-13 (a) 
5-15(a), 5-16(a), and 5-16(b) show the instances when gages 
were damaged. In the test number RE-T2, welded with the 
lowest heat input of 28,740 joules/in2, a l l  gages worked well 
during the entire test period, 
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De Analvsis of Exgerimehtal Results 
Using the computer programs developed in this study, 
temperature and strain changes were calculated. Measured 
values of welding current, arc voltage, and arc travel speed 
were used for input data of computation. Physical and mecha- 
nical properties of the material were assumed to be the same 
as those used in the analysis given in Section IV-D. 
measured i'nitial temperature of a specimen was used as the 
initial temperature in the computation. 
The 
One unknown quantity in the analysis is the arc efficiency, 
n, given in Equation (3-4). After comparing measured and cal- 
culated temperature and strain changes, it was found that the 
adequate value of rl is 0.7. This discussion will be given in 
the following pages. 
l e -  Temperature Change 
Figures 5-17 through -21 show calculated temperature 
changes during~welding for all the tests conducted. The 
figures also include measured temperature changes, which are 
shown in Figures 5-5 through -9. 
In order to determine the adequate value of arc efficiency, 
q, calculations were made with three values of q7p 0.6, 017,. 
and 0.8. Table 5-3 shows the maximum temperature and the time 
at which the maximum temperature is attained for a l l  measured 
\ 
conditions in the Series 2 experiments, Also shown here are 
measured values of the maximum temperature and the time at the 
maximum temperature. 
In case of test number RE-Tl, for example, the maximum 
temperature experimentally observed at a point 0.9 inch away 
from the weld center was 560' F, and it occurred at 36 seconds, 
In calculations, however, 
for q = Oe8, maximum temperature of 823' F occurred at 
38 seconds 
fo r  n = 0.7, maximum temperature of 723' F occured at 
3 8  seconds 
for q = 0.6, maximum temperature of 560°  F occured at 
38  seconds. 
Maximum temperature for 11 = 0.8 are generally higher 
than measured values, while those for q = 0.6 are generally 
lower than measured values. Calculated values for q = 0-17 
generally agree with measured values. Therefore, it was 
decided that rl = 0.7 be used in the analysis. 
c 
Calculated temperature changes during welding shown in 
Figures 5-17 through -21 were obtained by assuming that the 
arc efficiency, rl is 0.7. The figures show that the computed 
and.measured temperature changes agree fairly well. Some 
comments on temperature changes are as follows: 
1, Generally speaking, the measured temperature reaches 
the highest value at a time somewhat earlier than 
the calculation and decreases more rapidly than the 
calculated temperature. This is probably due to heat 
loss from the surface, which is neglected in the cal- 
culation. The specimens used in the Series 2 
2. 
3 .  
experiments w e r e  clamped t o  a steel p l a t e ,  as shown 
i n  Photograph 5-2. 
F igure  5-17 shows r a t h e r  p e c u l i a r  r e s u l t s  f o r  t e m -  
pe ra tu re  changes a t  two p o i n t s  2,1 and 2.9 inches 
away from the weld center l i n e .  During t h e  per iod  
less than 20  seconds, t h e  po in t  f u r t h e r  away from 
the weld showed h igher  temperatures ,  which could not  
happen t h e o r e t i c a l l y ,  This  i s  probably due t o  t he  
f a c t  t h a t  t h e  same specimen w a s  used f o r  three t i m e s .  
T h e  second weld (2-9 inches away) w a s  probably made 
before  t h e  specimen had completely cooled t o  t h e  
room temperature ,  
I n  t h e  test  number RE-Tl, which w a s  welded a t  a very  
low speed, t h e  welding arc was uns tab le ,  The m e a -  
sured temperature  changes w e r e  considerably lower 
than  ca l cu la t ed  ones,  The uns tab le  a r c  probably 
caused a 10-w arc e f f i c i e n c y ,  Photograph 5-4 shows 
t h a t  t h e  weld bead w a s  wavyo 
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TABLE 5-3 
Maximum Temperature and Time at the Maximum Temperature vs Axe Efficiency 
1, Test Number RE-T1 
Calculations 
For rl = 0.8 
For r) = 0.7 
For q - 0.6 
Experiment 
I Distance from Weld Center Line I 
0.9 inch 2.1 inches- 4,5 
Max Temp 
OF 
280,8 
255.8 
230.8 
150 
~~ 
2. Test Number RE-T2 
1 4 6  
T a b l e  5-3 (continued) 
3 .  T e s t  Number RE-T3 
C a l c u l a t i o n s  
For n = 0.8  
For r) = O e 7  
For rl = 0 .6  
E x p e r i m e n t  
Dis tance f r o m  Weld C e n t e r  L i n e  
4.  T e s t  Number W-T4 
Distance f r o m  Weld C e n t e r  L i n e  I 
C a l c u l a t i o n s  
For rl = 0.8 
For rl = 0,7 
For q = 0 . 6  
4 . 5  inches 
I 
Max Temp Time a t  
OF Max ?"erns 
sec 
1 9 4  e 4 1 2 0  
1 8 0 . 1  1 2 0  
1 6 5 , 8  1 2 0  
2 0 5  1 0 0  
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2, Strains 
FIgures 5-22 through -26 show calculated and measured 
changes of longitudinal strains during welding, 
In Figure 5-22, for example, points shown by triangular 
marks represent longitudinal strains measured at a distance 
2.9 inches away from the weld line. These data are shown by 
curve 1of Figure 5-10. Points shown by black circles re- 
present longitudinal strains at a distance 2 , 1  inches away 
and they are shown by curve 1 of Figure 5-12, Other figures 
are drawn in a similar way to compare measured and computed 
longitudinal strains. 
Some comments on measured and computed strain changes 
are as follows: 
1. Longitudinal vs.  other Strains. In the analysis 
developed in this study, it is assumed that longi- 
tudinal stress (ox) in the principal stress and 
transverse stress (a ) and shear stress (T ) are 
neglected, as discussed in Section 111. If this 
assumption is adequate, experimental results should 
Y XY 
show that: 
(Transverse strain) = - ( 0 . 2 5  t o  0.5)(Longitudinal 
strain) 
Shear strain = negligible. 
Experimental results shown in Figures 5-10 through. 
5-16 indicate that the longitudinal strain is the 
major strain. In general, the transverse strain is 
15 3 
smaller i n  magnitude than t h e  long i tud ina l  s t r a i n  
and t h e  s i g n s  are reverse, However, in a number of 
cases, e s p e c i a l l y  i n  reg ions  near  t h e  welding arcp 
t r a n s v e r s e  s t r a i n s  w e r e  considerably l a r g e ,  Sheaving 
s t r a i n s  a l s o  were s i g n i f i c a n t l y  l a r g e  i n  a reas  near  
t h e  welding arc.  The r e s u l t s  show t h a t  t h e  stress 
f i e l d  near  t h e  welding arc is  n o t  one-dimensional 
b u t  i n  a complicated s ta te ,  
2 .  Comparison of Pleasured and Computed Longitudinal 
S t r a h s .  F igures  5-22 through -26 show t h a t  longi-  
t u d i n a l  s t r a i n s  c a l c u l a t e d  by t h e  computer programs 
developed i n  t h i s  s tudy co inc ide  f a i r l y  w e l l  w i th  
measured va lues .  The agreement w a s  very poor i n  tes t  
number BE-Tl, which w a s  welded wi th  a very low weld- 
i ng  speed, and t h e  arc w a s  unstable. .  Therefore,  re- 
s u l t s  ob ta ined  on t h i s  specimen should be d is regarded ,  
3 .  V a l i d i t y  of t h e  One-dimensional Stress Analysis. The 
one-dimensional stress a n a l y s i s  developed i n  t h i s  
s tudy can be used as an approximate a n a l y s i s  t o  inves-  
t i g a t e  gene ra l  t r e n d  of stress changes during welding 
and r e s u l t i n g  r e s i d u a l  stresses, Howeverp t h e  c u r r e n t  
a n a l y s i s  i s  n o t  adequate t o  s tudy complex stress 
changes i n  areas near  t h e  welding arc ,  Experimental 
r e s u l t s  generated i n  t h i s  s tudy should be u s e f u l  f o r  
developing a two-dimensional stress a n a l y s i s ,  
154 
The objective of the experimental investigation w a s  to 
investigate the accwacy of the mathematical analysis 
developed in this study, We feel that the objective has been 
achieved. 
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SECTION V I  CONCLUSIONS 
An i n v e s t i g a t i o n  w a s  made i n t o  t h e  a n a l y s i s  of thermal 
stresses during welding. An improved model f o r  c a l c u l a t i n g  
l o n g i t u d i n a l  stresses w a s  developed, and computer programs 
w e r e  w r i t t e n  inco rpora t ing  t h i s  model. Some i n v e s t i g a t i o n s  
were made us ing  t h e  computer programs on e f f e c t s  of welding 
condi t ions  and material p r o p e r t i e s  on thermal stresses during 
welding and r e s i d u a l  stresses. 
Two series experiments were conducted t o  eva lua te  t h e  
accuracy of t h e  mathematical a n a l y s i s ,  
1. Mathematical a n a l y s i s .  The a n a l y s i s  developed i n  t h i s  
s tudy  i s  s t i l l  one-dimensional cons ider ing  t h e  l o n g i t u d i n a l  
stressp a x #  only.  
s tudy has  s e v e r a l  advantages over  t he  programs developed i n  
t h e  previous s tudy.  The new M.I.T., programs can handle b u t t  
and edge weldsI  as w e l l  as bead-on-plate welds, I n  previous 
programsd t h e  material w a s  assumed t o  be p e r f e c t l y  p l a s t i c  
a f t e r  y i e l d i n g ,  The p r e s e n t  programs inc lude  l i n e a r  s t r a i n  
hardening, I n  add i t ion ,  t h e  p re sen t  programs provide in fo r -  
mation about t h e  s t r a i n s  which occur during welding, while  
previous programs provides  stresses only ,  
However, t h e  program developed i n  t h i s  
Through t h e  use of t h e s e  programs, new i n s i g h t  has been 
gained i n t o  t h e  phenomena which occur during welding, 
become ev iden t  t h a t  t h e  r e s i d u a l  stress d i s t r i b u t i o n  i s  
governed by t h e  formation of p l a s t i c  s t r a i n  i n  a region near  
It  has 
1 6 1  
t h e  welding a r c ,  Such information can be used i n  p r e d i c t i n g  
and hopefu l ly  c o n t r o l l i n g  r e s i d u a l  stresses and d i s t o r t i o n  
i n  welding, 
2, E f f e c t s  of Material P rope r t i e s  and Welding Parameters, 
S tudies  w e r e  made of e f f e c t s  of material p r o p e r t i e s  and 
welding parameters on thermal stresses during welding and 
r e s u l t i n g  r e s i d u a l  stresses, 
F i r s t ,  an a n a l y s i s  w a s  made on r e s i d u a l  stress d i s t r i -  
bu t ions  i n  welds made i n  various m a t e r i a l s  inc luding  alumi- 
num, l o w  carbon steel ,  u l t r a h i g h  s t r e n g t h  s teel ,  columbium 
and tantalum, Welds made i n  columbium and tantalum, which 
have r e l a t i v e l y  l o w  y i e l d  stresses a t  a w i d e  temperature 
rangep have 'wide t e n s i l e  r e s i d u a l  stress zones, The r e s u l t s  
i n d i c a t e  t h a t  one ould expect  severe  r e s i d u a l  stress and 
d i s t o r t i o n  problems during welding some r e f r a c t o r y  metals  
inc luding  columbium and tantalum. On t h e  o t h e r  hand, a 
weld made i n  u l t r ah igh - s t r eng th  s teel ,  which has very high 
y i e l d  stress a t  room temperature,  has a very narrow t e n s i l e  
r e s i d u a l  stress zone. 
A d e t a i l e d  a n a l y s i s  w a s  made of e f f e c t s  of welding 
parameter's on thermal stresses and r e s i d u a l  stresses i n  welds 
made i n  2219-0 aluminum a l l o y ,  Important r e s u l t s  are: 
(a) The maximum r e s i d u a l  stress a t  t h e  weld c e n t e r  is 
l i t t l e  a f f e c t e d  by welding parameters ,  However, 
t h e  width of t e n s i l e  r e s i d u a l  stress zone i s  s i g -  
n i f i c a n t l y  a f f e c t e d  by welding parameters,  espe- 
c i a l l y  h e a t  i n p u t ,  With an increased  h e a t  i n p u t ,  
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a wider area near the weld undergoes plastic defor- 
mation resulting in a wider tensile residual stress 
zone a 
(b) HoweverB when a weld is made with very low heat 
input, considerably high tensile stresses are pro- 
duced in areas just behind the arc, These stresses 
may cause hot cracking when welding certain alloys. 
(c) Fairly high compressive stresses occur in areas 
ahead of the welding arc. These compressive stresses 
may cause joint mismatch, Under the welding condi- 
tions used in the analysis, the size of the compres- 
sive stress zone was about 1 inch (the maximum of 
1.5 inches). 
3. .  Experimental Investigations. - The experimental investiga- 
tion involved measurement of temperature and strain changes 
during bead-on-plate welding of 2219-0 aluminum-alloy plates 
1/4 by 18 by 30 inches, 
Measured temperature changes coincided well with calculated 
ones by assuming the arc efficiency, n r  to be 0 - 7 0 .  
As far as the general trend is concernedo measured longi- 
tudinal strains coincide fairly well with calculated ones 
Consequentlyk the one-dimensional analysis developed in this 
study can be used to calculate the general trend of thermal 
stresses, 
However? transverse strains and sheaving strains reach 
considerable amounts in areas near the welding arc, The 
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c u r r e n t  analysis is no t  adequate fo r  s tudying complex stress 
changes in a reas  near  t he  welding arc ,  
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SECTION VI1 RECOMMENDED FUTURE RESEARCH 
There are potentj-ally three general areas for future 
investigation into the theoretical analysis of welding pro- 
cesses, The first of these involves the study of material 
behavior at high temperature and the acquisition of data for 
describing this behavior, The second is an experimental 
investigation for obtaining more detailed information on 
temperature and strain changes during welding, The third 
area involves making full use of present stress analysis 
techniques i n  dealing with improved models of the welding 
process 
A, Material Behavior 
While extensive work has been done in the study of the 
mechanical behavior of materials, very little of this work 
has been concerned with very high temperatures, probably 
since most structures are not expected to operate at or even 
near the melting temperature, During welding, however, tem- 
peratures range from room temperature up to the melting point, 
and any theoretical analysis must include the effects of such 
temperatures on the behavior of the material being welded. 
1, Data for Material Properties, At presento there is a 
scarcity of data for material properties over the entire tem- 
perature range up to the melting point, While this scarcity 
includes the thermal properties, it is particularly prevalent 
in the area of mechanical properties, 
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It should be obvious that it is considerably more 
difficult to run  tensile tests on a material at very high 
temperatures than to run such tests at normal temperatures, 
The development of procedures for such testing and the acquisi- 
tion of accurate stress-strain data for very high temperatures 
would be of considerable importance in improving the theoreti- 
cal analysis of welding processes. The Gleeble machine may 
be used for developing these data. 
2, Behavior at Hiah Temperatures, Section 111-A contains a 
discussion of the behavior of materials at high temperatures 
and the assumptions about such behavior which were made in 
this analysis. Present theory describing the behavior of 
materials was developed for constant temperature or small 
temperature change,$ in which properties would not change sig- 
nificantly. As a result, a number of assumptions have to be 
made in analyzing welding processes where the temperature 
changes are great. 
The level of confidence in such analysis could be greatly 
improved by the basic study of material behavior for large 
temperature changes, For example, the stress-strain surface 
shown in.Figure 3 - 3  is composed from a series of stress-strain 
curves for different temperatures, It would be a considerable 
improvement to have some experimental data on strain changes 
with temperature at a number of stress levels. 
1 6 6  
Experimental Investigation 
Some experimental data have been obtained in this study. 
However, it is obvious that these data are not enough to fully 
understand the complicated phenomena which involve temperature 
and strain changes and metal movement during welding, 
In order to develop more accurate computer programs to 
calculate both temperature and strain changes during welding, 
the aid of experimental investigations is definitely needed, 
The experiment should cover the study of effects on tempera- 
ture and strain changes of various parameters including plate 
thickness, welding processes and conditions, degree of con- 
straints, etc, 
In future experiments, strain gages which withstand high 
temperatures should be used with proper adhesives to mount 
them on a specimen and suitable environmental protections. 
C. Improved Stress Analysis 
The present analysis of thermal stress deals only with 
the longitudinal component and is hence only an approximation 
to the true stress during welding, The development of a two 
dimensional theory would be a considerable improvement parti- 
cularly for the thin plate case, 
There has been some work in this area, Roberts & 
Men de 1 son (I8) I for exampleB worked with finite difference 
techniques for solving plane stress problems for parabolic 
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temperature distributions, The disadvantage of such a tech- 
nique is that it involves the inversion of a very large matrix. 
The welding temperature distribution is considerably more 
complicated than the parabolic distribution which Roberts and 
Mendelson used, and would require finer spacing and an even 
larger matrix, 
An attempt to use a collocation technique for solving the 
plane stress problem is described briefly in Appendix B. This 
attempt failed mainly due to the complexity of the temperature 
distribution. ,Appendix B also includes suggestions for using 
this method and approximate temperature distributions; these 
' methods would, however, probably be limited to bead-on-plate 
welds a 
Finite Element Techniques. At this time, it appears that the 
best approach to two-dimensional analysis of welding lies in 
the use of finite element techniques. Such techniques have 
been used widely in structural analysis and have been found 
adequate in dealing with complex geometries and particularly 
suited for programming on digital computers, 
The Civil Engineering Department of M,I,T. has developed 
a finite element program which handles elasto-plastic analysis 
of both plates and shells, This program may be used as a 
basis for developing a finite element program for thermal 
stresses during welding, 
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APPENDIX A ’ 
COMPUTER PROGRAMS 
Section 1. 
Section 2. F ~ Q W  Charts 
Section 3. Program Listings 
Section 4. Input Format 
Section 5. Sample Output 
A General Description of the Programs 
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Section 1 A General.Description of the Programs -
The computer programs developed at M,P,T, calculate temperature 
distributions and longitudinal stress distributions for several 
welding cases, Originally, both these calculations were performed 
by a single program, It was felt, however, that since these two 
calculations aate essentially independent, they should be performed 
by two separate programs. In this $my, the proper input parameters 
for the temperature distribution calculation can. be determined without 
going through the stress calculations. Also, stress calculations 
can be made for other temperature distributions which include 
auxiliary heating, cryogenic cooling, or other modifications, 
The calculations are performed for a plate hich is infinite 
in the direction parallel to the weld. Hencep the solutions obtained 
do not apply to the ends of a real weld, but only to the center 
section. The stress calculations are made along the transverse 
directign at a fixed longitudinal position. In this wayr the stresses, 
and alsQ strains along the transverse direction are obtained as a 
function of time while the arc approaches and then passes the 
longitudinal observation position. The temperature distribution 
is calculated in the quasi-stationary Coordinate system moving 
with the arc, The longitudinal coordinates in the two systems are 
related by the equation: 
c = x - v t  
where 
5 = coordinate in moving system 
v = arc speed 
t = time 
x = coordinate in fixed systeP 
Figure A-1 shows both coordinate systems at the start of the 
stress calculation, at the time when the welding arc has reached 
the observation position (t = t' and after the arc has passed. 
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Figure A-1 Co-ordinate Systems 
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The temperature calculation used is that for a line source 
moving through an infinite plate, while the stress calculation 
is made for a plate of finite width, This approximation is adequate 
performed experiments if the plate width is large enough. Fujita (A-1) 
which showed this to be true for widths over about 10 in. If the 
performance Of calculations for narrower plates is desired, the 
temperature distribution can be improved by the method of reflections. 
The stress program shown here is for the butt weld casep but 
with minor modifications, it can be used for either bead-on-plate 
or edge welds. The temperature distribution fer a heat source 
moving along the center of a plate is symmetric about the longi- 
tudinal axisp with half the heat input flowing into each side of 
the plate, Hence, this distribution can be used for a sourci? 
moving along the edge of a plate if one notes that the actual heat 
input is one half that used in the calculation, As will be explained 
laterp the stress calculation is simpler for the bead-on-plate 
cqse due to symmetry, The butt weld case can be considered to be a 
combination of the bead-on-plate and edge weld cases. Ahead of the 
solidification point, each side of the plate is treated as an edge 
weld, while behind this point the bead-on-plate case is used, 
Temperature Calculation 
The temperature distribution is calculated from-the analytic 
solution of the linearized heat flow equation for a moving line 
source, This equation is .linear because the material properties 
have been assumed to be constant with temperature, The effects of 
changes in material properties with temperature is included by 
evaluating the analytic solution using the material properties for 
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the temperature produced, This procedure is not strictly correct 
but appears to give reasonably good results, 
The linear heat flow Equation for a flat plate is: 
E= IC (T a2e  + -  a 2 e  
ax ay2 a t  
where 
e = temperature change 
I C = -  ’ thermal diffusivity 
cP 
C = specific heat 
P = density 
x = thermal conductivity 
In the case of a moving heat source! it is convenient to express 
Equation ( 2 )  in a coordinate system moving with the heat source. 
The equation then becomes: 
where 
E =  x - v t  
v = speed of moving source 
If this equation is solved for a moving line source of intensity g ,  
where 
H = plate thickness 
Q = net heat input 
The following solution is obtained: 
v -  
in which 
= J E L  -k y2  
A- 6 
Ko(z) is the modified Bessel. function of the 
second kind and zero order, 
The program evaluates Equation ( 4 )  in one of two ways. For 
points near the arcp the exponential is evaluated using the 
Fortran IV supplied exponential function, The Bessel function is 
evaluated by a special subroutine using a series approximation which 
was obtained from the mathematical handbook by Abramowitz and Stegun (A-21) 
For large negative values of 5 (ieeo points for behind the arc), 
the value of the exponential becomes too large for the computer. 
In this casep a large argument approximation for the Bessel function 
of the form 
-2 e multiplied by a polynomial series in z KO(%) = 
is used. In this case, the product of the exponential in the Bessel 
function and the exponential in the original expression becomes 
e which may be evaluated by the computer, - (r+O 
In this programF the reference temperature used is 0" F, so 
that the temperature is equal to the temperature change 8 -  In 
comparison with high temperatures encountered during welding, the 
difference between 0' F and room temperature is small. The program 
couldl howeverp be changed to start at room temperature or any other 
reference temperature without difficultye 
The change of properties with temperature is handled in the 
following way. In the first part 0% the programp ten values of 
temperature are read in, These range from O Q  F to the melting 
temperature of the material, Following this, ten values of specific 
heat, density, and thermal conductivity are read in, These values 
correspond to the ten temperature values, From this, it is possible 
to get these properties at any temperature using a special function 
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for performing parabolic interpolation, These properties can be at 
even temperature intervals or any other desirable intervals (ieen 
closely spaced in regions of rapid changes), 
Also near the beginning of the program, a series of time steps 
is determined, These times are the times at which the stress 
calculations will be performed and are used to calculate the longi- 
tudinal positions, at which Equation (4) will be evaluated. Three 
pairs of input quantities are requfs-ed. The first of each pair gives a 
time zone, while the second gives the interval for that zone, In this 
way., three separate spacings may be obtained as shown in Figure A-2. 
The transverse positions are determined by the program f 
input value for plate width. Non-dimensional values of spacing are 
incorporated in the program in a "DATA" statement. These values 
are multiplied by' the plate width to get the actual transverse positions. 
The values are such thak a finer spacing is obtained near the weld line. 
The actual calculation is performed for each of the transverse 
positions at each time or longitudinal position in the following 
iterative manner, 
The calculation starts by taking each of the three properties 
at the fifth input temperature, Using these values expression (4) 
is evaluated to give a first guess at the temperatureo This 
temperature ks compared with the previous temperature (the fifth 
input value fsr the first iteration), and, if the temperatures disagree 
by more than 1/2 a degree, new properties are found for a temperature 
half 'way  bekween, These new alues are used to re-evaluate ( 4) 
a new temperature estimate, The process is repeated until the desired 
convergence is reached, If convergence is not reached in twenty triesp 
the program will end automatically, as there has been probably some 
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Figure A-2 Typical Time Steps and Temperature Distribution 
error in the input. 
Due to the nature of Equation ( 4  ) I which rC?pXesen%s a 
theoretical oint source, the temperature at the arc is infinite 
and can be very Large near the arc, In order to better estimate 
actual conditions, the program limits temperature values to the 
melting temperature of the material. 
In addition to producing pkinted output, the program also punches 
cards for use as input for the stress calculations. In addition to 
temperature distributionp these cards contain the time intervals, 
number of time intervals, and time at which the arc reaches the 
observation point. 
Stress Cialculations 
The distvibution of longitudinal stress in the transverse 
direction is calculated by using the equation for  an infinitely 
long plate with a temp 
only. A method for solving these equations has been presented by 
Mendel son c A - 3 ) 0  This method is used for each time step with the 
appropriate temperature distribution, 
ature distribution in the transverse direction 
The time steps and corresponding temperature are inputted into 
the program and may come from the temperatureprogram or from other 
data. The time at which the arc reaches the observation point is 
also read in. This is needed to determine if the weld has been 
completed at the Observation point, 
The variaticm of material properties with temperature is handled 
the same as in the te pera tu re  calculation. The material prgperties 
used are the Y~ung's msiiulus, E, the initial yield stresso 0 and 
the coefficient of linear expansion, A strain-hardening parameterp 
Y' 
m, is also used, Figure A-3 shows how m relates to the stress-strain 
curve 
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Figure 24-3 Stress-Strain Curve for  Linear Strain-Hardening 
STRAIN 
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The program performs calculations at eleven non-dimensional transverse 
positions given by a data statement in the program, These positions 
range from the center line of the weld to the edge of the Dlate with 
finer spacing near the center line, as shown in Figure A-4 .  
In the expression to the total strain cx given by Mendelson 
(Section I I X - D ) p  the integrals are taken across the entire plate. 
In the program, howeverp these integrals are taken across half the 
p te and the expression is somewhat different. 
Ahead of the weld, the total strain is given by: 
where 
Behind the weld, the total strain is given by the much simpler 
expression: 
1 
AS0 H(T + cp) dQ 
where 
1 A = =  
1 
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In the program, these integrals are evaluated by the function 
Simp using Simpson's rule with the spacings shown in Figure (A-4) .  
The Simpson multipliers are given by a8fDATA%taternent. Naturally, 
this data statement must match thelfDAT.Pstatement in the main program 
which gives the spacing. Table ~ - 1  shows several possible spacings 
and multipliers. 
At the start of the calculation, the material is assumed to be 
free of any plastic strain (EPO = 0). The plastic strain is 
accumulated during successive time steps until reverse yielding occurs. 
The actual calculat&sns are performed using the non-dimensional 
quantities defined earlier (Section 111-D) 
At each time step the total strain is first calculated for 
each transverse point assuming that no plastic strain exists. The 
thermal strain hs subtrgcted from the total strain to get the mechanical 
strain which is used to calculate the plastic strain. In the 
calculation of the plastic strains, the accumulated plastic strains 
from previous time steps is included to account for elastic unloading 
and reverse yielding should they occur. 
several possible conditions on stress-strain curves. These curves 
are shown as being independent of temperature for clarity, but the 
actual calculations include changes with temperature. 
Figure A-5 illustrates 
The new value of plastic strain is then compared with the 
assumed value of the value from the previous iteration. If these 
values fer all points do not agree within one per cent, new total 
strains are calculated using the plastic strains calculated from 
the previous total strains, This procedure is perfraxned for up to 
twenty iterations at which point the program stops if convergence 
is not obtained. 
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If convergence is obtained, the stress for each point is 
calculated and printed out along with the total, mechanical, and 
plastic strains. The temperature for each point w a s  printed before. 
After the last time step has been done, the calculation is 
repeated again with a l l  points at the reference temperature ( O o  F 
in present program). This calculation gives the residual stress 
distribution. 
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Section 2 Flow Charts 
This section contains flow charts of TEMP I, the program 
for temperature calculations, BES, the subroutine for evaluating 
Bessel functions, and STRES 1, the program for calculating stress 
distributions. 
These flow charts were produced at the Massachusetts Institute 
of Technology Information Processing Center, using.AUTOFLOW, a 
program developed by Applied Data Research, Inc. 
e 4 u  01 
-1 
/ - - /  W I I  W l C  V Q U I  vo O l V  
I.. 
I aa 
/ W I ? C ~ 1 0  ocu / 
I 
I 40 
OS... * c0*11uuc 
i 
0 3  
I 
I. i 0..,/"**. . * .O 
r I I  I I L O A l I I I I  
1 1 1 , , . v  u I 
I 
L 
.&.C 0. A-20 
IO I 
1 1 ;'f I 
L l  
I Le 
sa 
rm E CIILr. 
0 i 0 . 0  
I 
 
4 2  - 1  a. 
I ea 
1 
AUPOPLOY C H A l T  S E T  
5 5 5  03 
R I T E  TO DE 
P a b L  u s  
A-21 
CALL E X I T  
A-22 
8 
3 
\ . n 
W 
I 
U z 
P 
W 
P 
-1 
- - 
I 
.4 
4. 
X 
w 
c 
: 
U 
\ 
9 
.-I 
m 
0 
10 
0 
U 
9 
0, 
N 
VI 
rl 
" 
e 
e. 
-1 
U 
-1 
U 
I 
1 
v) 
a 
f 0 
\ 
W n 
a e
n 
W 
P 
E 
t! 
N 
n 
W c
x 
W 
U 
'r) 
LL 
II 
LL 
LL 
W 
I n- 
n 
LL 
I I  
U 
E < 
I n
4 
n 
LL 
II 
is 
K 
LL 
4. 
e. 
U 
1 n 
m 
LL 
0 r(
x " 
N 
u) 
> W U z 
e. c
v) 
- 
W U 
n 
€0 
L 
0 
* Y  
X N  n -  
* c
4 
4 
.. 
4 
W 
c 
LL 
W 
.. 
8 
2 
K 
U 
-1 
c 
9 
D! 
W 
> 
?i 
U 
3 
0, 
5 
0 
4 
c 
Lr - 4 
0 
n 
F- 
9 
9 
9 
0 
n 
n 
N 
0 
- n 
m
LL 
0 
X 
10 
* e 
4 
x 
W 
0 
4 
c( 
f 
.. 
0 
W 
4 
K 
W > 
4 
x e. 
n e
I 10 
-4 
x 
e 
n 
n *. 
b 
3 
0 
a 
" 
4 
X U a 
2 
t 
W 
n 
2 
K 
W 
E 
W e
I: .4 
c 
rp 
W 
I 
U 
LL 
U 
W 
U 
u) 
I n
.. 
" 
X n 
\ 
c 
- 
c 
s N c) x .. W U 
K 
4 
8 
W 
D! 
3 c
a 
n 
W 
U 
I 
W I-
I 
10 
\ 
c 
4 
I 
U 
I 
c? 
0 
0 
N 
#- 
e 
D 
- n 
0 
a N 
Q 
Lr 
0 
4 I 
\ 
N 
c 
. L L  
\ I n  \ . .  " -  
I -  
L 
111 
W e
x 
I 
n n 
a 
II 
W 
E B .. 
c 
a 
m I 
n c
4 
0 
I 
c 
-1 
P : 
\ c 
=l 
W 
I 
.. 
U a 
0 
N 
c 
n 
I 
X 
m 
9, 
0 
0 I 
N 
0 
LL 
" 
I 
c 
-4 
P 
K 
12 
I 
N 
N 9 
9 
0 
\ 
n 
m 
LL " 
I m m 
Lr 
0 
.I 
#- 
1 
.4 
x n 
z 
c 
4 
X n 
\ 
c 
- 
Y 
0 
N 
X 
m 
\ 
c 
4 - 
X 
0 
-4 z 
c 
0 
LL n 
c 
n - 
-?a 
U 
0 
c 
c? 
,. 
,. I 
c 
- 
e 
I 
" -
c 
\ 
c 
- I- 
t 
w 
S 
W c
0) 
t 
W 
H 
0 
-i 
* 
a c
U 
0 
L x 
10 d 
E 
K 
I? 
4 
9 
K 
0 
LL 
W 
K 
3 c* 
* z k =I H K 0 =I K I? 
rl 
H 
K 
12 
-s 
P 
K 
0 
rp 
H 
D 
0 LL 
4 
P 
K 
0 LL 
U 
a 
0 
4 
n 
0 
LL 
U 
I 
P 
12 
4 
I 
K 
12 
,. i 
c? 
12 
I 
K 
li * c
e,¶ 
A-23 
7 
x . - X  s= o s  .Ol 
XL = A L O C i . I Q x )  
xsx. = x * * e / 4 .  
X I 1  z 
X*b2/14.0625 
SI = -.0045613 
- \- -7 
AU1OPLObl C H A R 1  a?? - 
y. 
SI( = .00000?40 
--l- 
1 18 
14 
XRE : 
SORT 1 X I  * E X P  i X) 
xs E e. /x 
SI( = .00013L06 
now is 
BECIN 00 LOOP 
5 5  L = 1.  6 
5 5  16 
SR = 8 K L X S  + C t L )  
A-24 
Y) 
w m 
t- 
W 
el 
c 
w. 
=z 
U 
I 
r 
3 
k 
0 
3 
'8 
c 
n 
a 
W 
I 
W c
6 c
n 
c 
a 
AUlOFLOW C l i A l T  S E I  - S l I ( C I 1  P b b L  01 A-25 
V A  
i W  
NOlE I 1  
LIS1 : 1 V C l I l . I  5 
1.101 
12 I 
,/ R E A 0  fa- OEY , /  
1 M A X  i: 1 E M P l I O I   
I 18 
L 
L 
5 1  1 = I ,  1 %  
A-26 
1 1 5
M I T E  TO DEV 
V I A  FORMAT 
288 
D 5  
Ti====% 8 E h I N  DO LOOP I 4. 
I E4 
I 
A-27 
c w  QI DO 
I C  E 0 
- 
U C ' Y C . 1  , 
- I 
BOQ - 1  14 
* I T €  7 0  D E I  
V I A  f o ) # A l  
1.. 1s 
1'1 
.. . 
1 
' C l I O I  i - 
' 1 . 0 * C V 0 1 I 1  
L 
A-29 
A-30 
AUO O P L O M  CHART 8 E T  - 
100 
110 
101 
220 
222 
20s 
224 
250 
2s4 
2ss 
2 5 a  
25 7 
102 
210 
A-31 
Section 3 Program Listing 
This section contains listings of programs used for calculating 
temperature and stress distributions. 
FILLIN, is used by both programs, 
The interpolating function, 
These programs were run at the Massachusetts Institute of 
Technology Information Processing Center. 
in Fortran IV and were run on an IBM 360/65 computer using the 
FWTFOR compiler. 
installations, minor changes in the programs may be necessary. 
The programs are written 
In order to run these programs at other 
Although the exact amount of computer time varied with the 
number of time s teps  used, each program requires between ten and 
thirty seconds to calculate one case. 
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Section 4 Input Format 
This section describes the input required for both the 
temperature program and the stress program, Sample inputs 
are included for both programs. 
TEMP 1 
This program requires eight input cards for each case. 
The first card contains the voltage, current, arc efficiency, 
plate thickness in inches, and the welding speed in inches per 
second. The format for the first card is (5F10.4)- 
The second card contains any eighty alpha-numeric charactersp 
and is used to identify the particular case as this information 
is printed out by the program. 
The next four cards contain the thermal properties of the 
material for ten different temperatures. Each card is punched 
using a (10F8.3) format. The first of these cards contains ten 
values of temperature up to the melting temperature. The next 
card contains ten values of thermal conductivity in W/in-OF. 
The remaining two cards contain the specific heat in W-sec/lb-OF 
3 and the density in Ib/in 
The seventh card contains the plate width in inchesp the melting 
temperature, and the time in seconds until the arc reaches the 
observation point. The format is (3Fl0,4), 
The eighth card contains three pairs of time zones and 
intervals followed by an initial time if different than zero, 
The format is (7F10,2) 
If another case is to be run at the same time, another set 
of eight cards follows the previous sete If not, a blank card is 
A-45 
placed at the end of the last set of data to terminate the run, 
STRES 1 
This program requires eight input cards plus a number of 
cards usually produced by TEMP 1 for each case. The first card 
contains a "1" in the first column. This tells the program to 
read in another set of data. 
The second card contains any eighty alpha-numeric characters 
to identify the material. 
The next five cards contain material properties for ten 
different temperatures. Each card is punched using a (10F8,3) 
format, The first of these contains ten temperature values. The 
last of these values should be the melting temperature. The 
3 remaining four cards contain, in-order, Young's Moduli in Ksi x 10 
yield strengths in Ksi, coefficients of thermal expansion in inches - 
per inch, and straig hardening parameters. 
The eighth card contains the plate width in inches punched 
in a (F10.41 format, 
The remainder of the cards are punched by TEMP 1: The first 
of these is an alpha-numeric identification of the temperature 
distribution. 
The next card contains the number of time steps plus the time 
until the are reaches the observation point. 
The next group of cards contains the actual time steps. These 
are followed by cards each of which contains the transverse 
temperature distribution for 
The last set of data is f card to terminate 
the run, 
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Section 5 Sample Output 
This section contains the complete output from STRES 1 
for cane aluminum weld, plus portions of output for other 
aluminum welds and welds in two types of steels and columbium 
and tantalum. 
The first page of output from TEMP 1, which gives the 
thermal properties, has been included for each material. 
Cases 1, 2, and 3 are for aluminum alloy 2014 T6 at 
three different sets of welding conditions. 
Cases 4 and 5 are fo r  steels of two different yield 
strengths at the same welding condition as Case 1. 
Cases 6 and 7 are for columbiurn and tantalum. 
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Case 2 - Aluminum 
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Case 3 - Aluminum 
speed = 0 . 4  
volt = 15.0 
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Case 4 - Carbon Steel 
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Case 5 - Ultra-High Strength Steel 
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Case 6 - Columbium 
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Case 7 - Tantalum 
same transverse spacing as Case 6 
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APPENDIX B 
TWO-DIMENSIONAL INVESTIGATIONS 
At the beginning of this studya some work was done on the 
development of a two-dimensional stress analysis for bead-on-plate 
welds. The major emphasis was on the development of a computer 
program to calculate plane stress distributions which would use 
a minimum of computer time and, hence, be relatively inexpensive, 
The technique of analysis which was selected proved to be inadequate 
for the welding problem, 
The elastoplastic plane stress’problern was presented in 
(B-1) Section 111-C, equations (3-5) to (3-8)- Roberts and Mendelson 
solved this problem for a parabolic temperature distribution using 
an iterative procedure, For each increment of loading, that is 
for each change in temperature, values of plastic strain are 
assumed. This results in an elastic problem involving equations 
(3-5, -6, and - 7 )  which is solved. From this solution, new values 
of plastic strain ar calculated using the Prandtl-Reuss relations 
( 3 - 8 )  and the stress-strain curve, These new values are used to 
solve the elastic problem againp and the process is repeated until 
the desired level of convergence is reached. 
The elastic problem was solved using finite difference 
techniques, The elastic problem was re-written in terns of 
Airy’s stress function and the resulting differential equation 
was evaluated at 400 points on plate, The resulting set of 400 
simultaneous equations was then solved by matrix inversion. 
The solution of such large numbers of equations is very 
expensive both in computer time and in storage facilities, 
In some early work on the therms-elastic problem, Roberts 
and Mendelson ‘B-2) developed a very rapid double collocation procedure e 
B-3 
In this investigation, this double collocation procedure was 
used in place of the finite difference technique. 
Collocation Procedure. The elastic problem may be formulated 
in terns of the shear stress T -  This results in a single integro- 
differential equation in T of the following form. 
3 3 
I. J-1 a T* dy + B l1 -?- T *  dx = F 2 a 2  B axay y ax3 x ay3 -- -
where 
B = length to width ratio of plate 
F = terms involving temperature and plastic strains 
The shear stress is then expressed in terms of functions in 
x and y and as yet undetermined coefficients tij as follows: 
This double sumation is then substituted into the integro- 
differential equation which is evaluated at N x M points, This 
produces a set of linear algebraic equations for the coefficients. 
The functions Pi (x) and Q (y) were chosen such that they i 
satisfy the boundary conditions of zero shear at the edge of the 
plate (x = 1, -1 and y = 1, -1) and have a value of one at the 
ith of jth point and zero at all other points, 
about the x-axis, the shear will be an odd function of y e  If 
Q. (y) is chosen as an odd function, then only the upper half of 
the plate ( y  = 0 to y = 1) need be considered, 
Due to symmetry 
3 
B-4 
These functions become: 
L 
where II k+i indicated the product for all values of k except 
k = i. 
A computer program was written to evaluate these functions 
and their required derivatives and integrals at any desired 
points, The results were than checked against those of Roberts 
and Mendelson. (B-2) 
When this progr was used for welding temperature distribution, 
difficulties were encountered, 
The shear stress is expressed in terms of Lagrange polynomials 
whose coefficients are determined so that the integro-differential 
equation for the shear is satisfied at the same number of points 
as there are polynomials, Hence, the number of points determines 
the number and order of the polynomials, When more than about 
six points in each direction are usedl numerical difficulties are 
encountered due to the high order of the polynomials, Since the 
temperature distribution for welding varies rapidly, six points 
are not sufficient, 
The integro-differential equation may be approximately 
satisfied at a larger number of points if a least squares 
technique is used, The shear is expressed in terms of a small 
B- 5 
number of functions with undetermined coefficients, and those 
coefficients are determined so that the sum of the squares of 
the error in satisfying the integro-differential equation is 
a minimum, 
Unfortunately, the success of such a procedure depends on the 
choice of functions, If the form of the solution is not known, 
this choice becomes extremely difficult. 
At this point in the investigation, it was decided that this 
approach did not have sufficient promise of producing useful results 
by the end of the project. As a result, it was decided to devote 
full effort to the devlopment of an improved one-dimensional 
analysis using knowledge gained in working on the two-dimensional 
problem. 
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